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PREFACE

The purpose of this text is twofold — to provide the future navi-
gator with a substantial foundation of mathematical theory, and to
acquaint the interested layman with some of the problems encountered
in navigating aircraft and surface vessels. - It may be successfully
studied by anyonc who has completed the usual high school course
in plane trigonometry. O\

The treatment is unusually concrete and direct. Numexous
diagrams make the explanations easy to follow. Although™ the
essential parts of spherical trigonometry have been carefu}!fdevel—
oped, the student has not been burdened with unnecegsary formulas
nor with all the cases of triangle solution. Attention iscalled to the
use of haversines, which simplify both formulas.and computations.

Tive-place tables have been provided for thg'\éelution of numerical
problems. Since the data are generally giver to four significant
figures and the nearest minute of angle, no-interpolation is required
except with the baversine table. Maty of the problems are solved
by graphical eonstruction; with ‘tfﬂcéé not more than three-place
aceuracy can be expected. A few problems reqpyglﬁgggigﬁgpw%p@m
reference to the Nautical Almangc for their solution.

References to other bﬁahd to maps and charts are given at the
end of each chapter. following books are mentioned in the
bibliographies by auther’s name only: .

Dutton, Benjamih, Navigation and Nautical Astronomy, U. 8. Naval
Institute, Annapolhs, Md., 1942. :

Bowditch,\\Na%hanjel, American Practical Navigator, U. 8. Hydro-
graphic Office, 1038.

AircpaftNavigation Manual, U. 8. Hydrographic Office Publication,
No{218” Referred to as H. O. 216.

Dofts and Adams, Elements of Map Projection, U. 8. Coast and
Geodetic Burvey, 1928,

Lyon, T. C., Practical Air Navgaiion, Civil Aeronautics Bulletin,
1940.

The author wishes to thank Professor Clifford B. Upton of Teachers
College, Columbia University, for valuable advice and eriticism.
He has also received numerous helpful suggestions from members of
his classes. And finally he wishes to acknowledge the assistance of
Gladys M. Bradley in the preparation of the manuscript.
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CHAPTER I

GEOMETRY OF THE EARTH

The navigator of an airplane or & ship mnst solve two problems:
One is to determine the direction and distance of one point from an-
other so that he may ““chart his course’”; the second is to determing
the position of his plane or ship at frequent intervals so that heimzy
know whether he is actually following the desired route. Chapter 1

will explain scme of the principles of geometry which, enter into.

these two problems. RS

Shape and Size of the Earth. It has long beedsknown that the
earth is nearly spherical in form. This eonclusioh Wwas reached by
different lines of reasoning. As a ship at sp%’.a proaches land, an
observer on the ship sees the highest points\on the land first. Simi-
larly, when 2 ship sails away, the lower‘paﬁrt’is scen to sink from sight
first and then finally the top part of the ship disappears. Ships and
plancs have traveled around the eajrt}i and returned to their starting
point. When an observer looks Across theedrtraubiace; theganth
and sky appear to mect indancircle aalled the horizon. A perfect
horizon may be seen { o@..é, ship or plane or possibly from a tall
building. The first ph@%gr&ph showing the curve of the horizon was
made in 1935 by Stevens and Anderson from a record height of
13.71 miles. )

Reasons like;fhe ones given above do not prove that the earth is
spherical [ax\u;'show merely that it is a curved surface. Experiments
and measuirements have shown that the earth curves nearly the same
inall ;difections. Quientists have devoted much time and effort to
findihg the exact size and shape of the earth. Carefu] measurements
have shown that the distance from the earth’s center to the poles is
approximately 3950 miles and that the radius at the equator is
3063 miles. This difference of 13 miles is relatively very small in
comparison with the distances of nearly four thousand mileg from
the center; therefore for all purposes of navigation the earth is con-
sidered to be a sphere.

For ordinary purposes, distances aré measured in the usual mile
of 5980 feet. The mile of 5280 feet is really a land mile or statute

1
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2 GEOMETRY OF THE EARTH

mile, and must be distinguished from a different unit called the
nautical mile which is used by the navigator. The length of our
common mile was not derived from measuring the earth but prob-
ably has come down to us from the thousand paces {(millia passuum)
of the Roman soldier. The nautical mile used by navigators is the
length of one minute of the earth’s circumference. Since the earth’s
cireumference containg 360° or 21,600, it also contains 21,600 nau-
tical miles. The length of one minute of the earth’s circumference
depends on whether it is measured along the equator or on a ¢ircum-
ference passing through the poles. This variation is quite gmall and
the standard nautical mile adopted by the United States’Govern-
ment is 6080.27 feet. « N

R
7 %4

Problems N

1. Show that 1 nautical mile = 1.152 statutesmiles, and that 1 statute
mile = .8684 nautical mile.

2. Using the formula that the circumferenge-of a circle equals 2 = times
the radius (C = 2 x7), find the radius of .thé“earth in nautical and statute
miles. P \4

3. Find the carth’s circumference in.statute miles.

4, The area of a sphere iz 4«3*2 Find the area of the carth in square
statute miles and Sﬁ‘ﬁ%ﬁ‘}mmﬁéﬁl ‘miles.

: ¥ OFRyT .

5. The volume of a sphere is 4?3 3. TFind the volume of the earth in cubic

gtatute miles and cubic fantical miles.

Earth Co-ordinates. There are many ways of describing the loca-
tion of an aircfalt or a ship or any point on the earth. The position
of a plane &y be given as ten miles northeast of LaGuardia Field,
or a ship’msy be located by saying it is two miles southeast of the
Ambrdge Channel Lightship. Statements such as these cannot be
used 10 locate a plane flying over the ocean or to give the position
of \a ship whieh is beyond the sight of land. In many situations,
therefore, the navigator must state his position in terms of carth
co~ordinates which are called latitude and longitude.

Latitude and longitude correspond rather closely to the x, ¥ co-ordi-
nates which are used in algebra. The earth eo-ordinates, however,
arc measured in degrees and minutes of angle instead of some meas-
ure of length such as miles or feet.

It is known from geography that the earth rotates or spins once
each day about a diameter which joins the north and south poles,
The eircle around the earth midway between the poles is called the
equator. In other words, the equator is a circle which lies in a plane
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perpendicular to the polar diameter. Figure 1 is a cross section of
the earth through the north and south poles P and P’; EE is 2
diamecter of the equator; and AA’ is a line parallel to the equator
‘with the are EA equal to 40°. Tf Figure 1 is rotated about the line
PP/, then the line EE’ will trace out the equator and AA' a smaller
circle parallel to the equator as shown in Figure 2.

Freusg 1. A FIGURE 2.

The circle AA" of Figure 2 is callgd™s parallel of latitude and all
the points on it are said to have\ ' latitude of 40° north (40° N.).
The latitude of 40° N. is mea?,uréd either By whibcenlitak angle AOE
or by the corresponding arcion the circumfercnce of the earth, AT,

All points on the eqd a?@)r’have a latitude of 0°. Latitude varies
from 90° 8. at the sputh pole to 90°N. at the north pole. South
latitudes arc somefiwies called negative. The equator corresponds
to the X axis,ony = 0, and the parallels of latitude to the lines
parallel to %;\X axisory = L, ¥ =2
ete. Latitude alone does not fix the
positiodef a point, except in the case
ofwtbe\' horth and south poles, any
mbpé than y = 2 fixes a point.

In Figure 3, PEP'E’ and PBP'B’
are two circles formed by taking cross
- sections of the earth through the
polar diameter. The semicircles like
PBP’ and PEP’ are called meridians.
Let PEP’ be the meridian of Green-
wich, England (latitude 51° 29 N.),
and let EB be an arc of the equator FiGURE 3.
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equal to 70°.  All points on PEP’, the meridian of Greenwich, have
a longitude equal to 0° and all points on the meridian PBP’ have 3
longitude of 70° west (70° W.). Longitude is measured east or west
to 180° from the meridian of Greenwich. Since the arc EB and
the angle EOB equal 70° the arc EB’ and the angle EOB’ equal
110°; hence all points on PBP’ are in longitude 1}0°E. The
meridian PEP’ contains all points of longitude 180°,

The meridian of 0° corresponds to the ¥ axis and the other meridian
to the lines 2 = 1, xz = 2, ete., although the meridians meet#at the
poles. In Figure 3, longitude was seen to be measured eithér'by an
arc of the equator or an angle at the earth’s center. Lon’giﬁude may
also be measured along any parallel,

Latitude is the angular distance north or st)uth of the
equator measured along the arc of a merxdmn

Longitude is the angular distance east or wésbof the meridian
of Greenwich measured along the equatoror along a parallel.

It is quite natural to measure latitude north or south from the
equator, since the equator is the largest parallel of latitude. The
meridians are all semicircles of the ganie size, and any meridian might
have been chosen as the primes meridian. The meridian of Green-
wich was adopted by the Enghbh after the establishment of the
Observatmydﬂrrelmlnﬁdyhn%mce been adopted by most countries,
Tt may be interesting fo.note that the meridian of Waghington has
sometimes been used‘as a reference meridian by our Government.
In 1864 Congres sassed an act stating that the boundaries of Colo-
rado should be/the parallels of latitude of 37° N. and 41° N. and the
meridians of 25“‘ and 32° west from Washington.

ON
a s Problems

14 §1‘nd the latitude and longitude of your school by reference to the best

map svailable,

)2, Take as many maps of the world as are avallable and find the interval
Jin dcgrees between suceessive meridians and parallels.

3. The latitudes and longitudes given below locate six important cities.
Tdentify the cities from a map or globe.
Latitude:

28° 53’ N, 337 562’8, BI®20°N. 34°40'N. 55%°45'N. 22°54'§.
Longitude:

TP W, 151°12°E. (° O 135°117E. 37°34'F. 43° 10" W.

4. Find from a globe or map the approximate latitude and longitude of
the following places: Cairo, Valparaiso, Singapore, Melbourne, Cologne.
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Great Circles on the Earth. The parallels of latityde and the
meridians form a network of intersecting circles on th gurface of the
earth. The parallels deerease in size toward the peles, while the
meridians are all the same size. The equator and the meridisns are
examples of great circles. \\

A great circle on the earth or any sphege is formed by the

intersection of the sphere and a plane which passcs through

its eenter. ONY
There is one great circle throug]:[;aﬁy two points on & sphere, since
three points determine a plane.~3Great cim&eﬁaﬂa@.émn@;@g,toirgﬁﬁﬁ-
gation because of the following theorem: _

The shortest distance between two points on the gurface of

a sphere is theyshorter arc of the great circle which joins

thermn. P

AKX
The great irele between two
points on ¢{e¥arth may be easily
indicated e Y a terrestrial globe.
Take-d square of stiff cardboard
nd ol its center construct a circle %
gqﬁal to the equator of the globe, 74
cut out the circle and mark off
degrees around its circumference
as in Figure §. This cardboard
may be used as a “‘great circle
protractor” to find the approx- <
imate number of degrees in the - i Wik P
great circle arc between two A 7 %/ Z

points. It will alse indicate the FIGURE b.
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two points where the great circle intersects the equator and the two
points nearest the poles. For example, the great circle are hetween
San Francisco and Tokyo has a length of approximately 74° or 4440
nautical miles and the poirt nearest the north pole is about 49° N,
170°'W, If this great circle are is extended, it will eross the oquator
at longitude 80° W. and 100° E.

The accuracy of the answers obtained by this method will depend
upon the size of the globe which is available and the accuracy of the
cardboard protractor. In a later chapter a method of ﬁnding}roat
cirele distances by trigonometry will be developed.

The cardboard protractor and the equator of the globe ﬂ]ubtrate
another theorem. X

Two great circles intersect in two points Whlch are the
ends of a diameter of the sphere. R
The meridians also illustrate this theorem. )

p ¥

Problems ;\\'

Find the approximate great circle dlst,ameea in degrees and nautical miles
between the following pointg,

1. Natal (5°47' 8., 35° 1% W) to Dakar (14° 40/ N, 17° 25" W.)

2. New York (40“ 43’ N., 742 a0’ W.) to Cape of Good Hope (34° 217 8.,
18° 29 By w. .dbraulibrary. OL.g i

3. Bydney (33° 52" 8. {51" 12" E.) to Valparaiso (33° 01’ 8., 71° 39’ W.}

4, Auckland (36° 500 S’ 174° 46’ E.) to Sitka (57° 03’ N., 135° 20 W)

5. Harbour Graci& 43" N.,, 53° 08" W.) to Moscow (55 45 N,37°34' E)

6, Curtiss Fleld {40° 45’ N., 73° 37’ W.) to Paris {48° 50/ N, 2° 20'E.)

Small Clgcles on the Earth. In later problems it will be Necessary
to co mder small circles on the earth. The parallels of latitude
A\ . are examples of small circles. In
general every plane will intersect
a sphere in a circle. If the plane
passes through the center of the
sphere, the intersection of the
plane and the sphere is a great
circle. 1If the plane does not pass
through the center of the sphere,
the intersection is called a small
circle. Figure 6 shows a plane

: . intersecting a sphere in a small
Fiauer 6. circle.
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All the points on the parallel of 80° N. are 10° or 600 nautical
miles from the north pole. If the parallels were not marked on a
globe, they could easily be constructed in much the same way that
circles are drawn with the compasses in a plane. To construct the
parallel of 80° N. one would place one point of the compasses at 0°
longitude on the equator, and the other point at 10° W. on the equa~
tor. ‘Then using this “yradius” the
parallel could be drawn on the globe
with the north pole as “center.” In
o similar way any parailel might be
drawl.

Suppose that a small circle equal to
the parallel of 80° N. is drawn with
Waghington, D. C., 88 “oenter’’; this
cirele will contain all the points on
the earth which are 600 nautical
miles or 10° distant from Washington.
Washington is said to be one of the
poles of this small circle and the 10° €O
distance is called the polar distange®ts
of the circle. The definitions of pQ‘les and polar distances of a small
circle are: v dhraulibrac ,

The poles of a small ciréls are the ends o'fd%ﬁgu(]i'i%gl et B
the sphere which 13 pfﬁ'ﬁndicular to the plane of the small
circle. N\

The polar distage of a circle of 2 sphere is the arc of &
great circle Jrgph the nearer pole to any point on the small
circle. %" _

In Figufe{T\;’A and A’ are the poles of the small circle BCD; and
the polarf&}stance of the small circle is measured by any of the great
circlg-arcs AB, AC, ete. The polar djstance of any parallel of lati-
t&@e, 6 the complement of the latitude.

Figure 7.

Problems
1. Construct on a globe small cireles of polar distances of 10°% 20°, and
~ 30° which have Chicago (41° 50" N, 87° 37 'W.) as a pole. _
9. Construct the small eircles which have Halifax (44° 40 N, 63°35' W.)
as a pole and which have polar distances of 815, 430, 635 nautical miles.

8. Construct a small cirele with Lima (12°03'S,, 77°00' W) for & pole
and a polar distance of 30% Tind the intersections of this circle with a small
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circle which has New York (40° 43’ N., 74° 00’ W.) for a pole and a polar
distance of 40°,

4. Find the longitudes at which the small circle with New York for pole
and polar distance of 40° crosses the parallels of 10° N., 20° N., 30°N., 40° N.
" 5. Find the latitudes at which the small circle with Limsa for pole and
polar distance of 30° crosses the meridians of 60° W., 75° W., 90° W., and
105° W,

Triangles on the Earth. In plane trigonometry one studies vari-
ous rules for solving plane triangles, that is, for finding certain\dides

: and angles when certajin othek sides
and angles are given. {avigation,
like plane surveying, mdkes use of
plane trigonometry, /?Plane trigonom-

P etry, however,.«do¢s not make any
| allowance for the curvature of the
earth and?,~\%l{en the distances in-
volved g8\ large, it is necessary to
work awith triangles on the surface
of & -sphere. A spherical triangle
isa'part of the surface of a sphere
N 8U“bmI_ym‘:gf‘.hir:h is bounded by three great
Birouh a  circles.

Consider a spherical filangle PAB in Figure 8. It is formed by
the ares of three g ea\t'.éircles, the balf meridians PA and PB, and
the are of the equa%r AB. Bince the sides of the triangle are arcs
of great circles,they can be measured in degrees. PA and PB are
each equal ta{90°. AB can be found from the longitudes of points
A and B, .,:H\PA is the meridian of 75° W. and PB the meridian of
120° W \bhen the are AB = 45°. PABisa special case of a spheri-
cal trignglo since two of its sides are quadrants. '

/The angle between two great circles, commonly called a spherical

_anyle, is defined as the angle between the tangents to the eirclos at

their point of interseetion. In Figure 8, angle P, or the angle between
PA and PB, is, by definition, the angle between the tangents to PA
and PB or angle A'PB’. Notice that the angles A'PB’ and AOB
are equal because their sides are parallel ; therefore angle P in the
triangle is equal to the arc AB or 45°. The angles A and B in the
triangle arc each equal to 90°. THence the sum of the angles of
PAB is 225°, ,

Suppose that PB moves westward, then angle P inereases and the
sum of the three angles increases, If B moves esstward toward A,



MAPPING THE EARTH 9

the sum of the three angles decreases. 'This illustrates an important
theorem. '
The sum _of the angles of 2 triangle formed by the arcs of
three great circles is greater than 180° and less than 540°.

In the previous example fwo vertices of the spherical triangle were
on the equator. Consider now & triangle formed on the earth by the
meridian ares from the north pole to San Francisco (37° 47" N,
122° 26’ W.) and to Tabiti (17°30 8., 149°30° W) and the great
cirele arc which joins these two places {see Figure 9).

The side PS = 90° — 87° 47" = 52°13". E
The side PT = 90° 4- 17°30' = 107° 30"
Angle P = 149°30" — 122° 26’ = 27°04".

Construct this triangle on a globe and
determine approximately the length of P
the are 8T, Estimate the angles, and
verify that their sum is greater than
180°.

Tn conclusion, the sides and N\
angles of spherical triangles are both 3\ ey
measured in degrees and minubes™
and the sum of the angles iglal-
ways greater than 180° Spherical
triangles like the triangle PST occur in many of the problems of
navigation. \\ /

Er
www . dbgpakdi@ry org.in

Problems

For each of t ?;irsblems on page 6, construet the triangle formed by the
north pole and-te two given points. Find the exact values of the angle at
the pole anéh\'i{é two including sides. Fstimate the other two angles and

verify t.haf the sum of the angles is greater than 180°,

Mépping the Earth. The problem of costructing aceurate maps
0%5;1‘13 or all of the earth’s surface has engaged man's attention from
the earliest times. The Babylonians drew maps on clay tablets, and
it is said that Rameses 1T bad & map of the estates along the Nile in
1300 p.c. 'The early Polynesian navigators made maps of the Pacific
to show the location of islands and the directions of winds and cur-
rents. Maps made during medieval {imes were najurally incom-
plete, and unexplored parts of the world were filled in with fantastic
pictures of strange men and beasts. _

There is some interest in comparing eatly maps of the New World
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with our present-day maps. A Map of New York I. with adja-
cent Rocks and other remarkable Parts of Hell Gate” drawn in 1778
by the British Hydrographer has an error of 1’ in the latitude and
14/ in the longitude.

Several departments of the United States Government are directly
concerned with map making, The United States Geological Survey
is engaged in preparing a large-scale topographic map of the entire
country. The United States Hydrographic Office supplies the charts
necessary in navigation and together with the British Admirglty has
issued most of the navigation charts in general use. Fon120 years
the United States Coast and Geodetic Survey has been.dsstiing charts
of harbors and coasts, which show buoys, lights,\shoals, channel
depths, and prominent landmarks. The United States Department
of Agriculture publishes large-scale maps which( idicate the types of
soil to be found in a given locality. No maps approach the detail
of those of the British Ordnance Survey, thich hgs prepared a map
of the United Kingdom on a seale of twenty-five inches to the mile.

There are two problems in mapMfigking. One is to construct a
network of lines to represent theg ﬁ{eridja,ns and parallels, The sec-
ond is to locate coast lines, islarids, rivers and all the other details af
their proper positions on the, ;t];etﬁrork.

In 2 sense tHerprIBTERY i Bbping the earth is the same as making
a baseball cover. Kxgmine a haschall closely and notice that at
certain places the coyens slightly wrinkled and at others it is slightly
stretched. The st@ﬁching and wrinkling occur because the surface .
of a sphere canhot be flattened out in g plane without distorting it
in some way.(7;This difficulty does not oceur with the cone and eyl-
inder. e.surface of a right cone may be formed from the scctor
of & cireléband the surface of a right cylinder from a rectangle (see
Figure)l0).

&3 7‘1

Freure 10.

Many different. types of world maps have been developed for special
burposes, In some maps the meridians are parallel lines and “the
top of the map is north.” Other maps are centered on the north
pole and show the meridians s straight lines passing through this
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point; in such maps north is toward the center of the map. On some
maps both the meridians and parallels are straight lines, and on
others either the meridians or parallels or both may be curves.

Problems

1. Take the world maps in an atlas or geography and compare the merid-
jans and parallels. Notice whether the meridians pass through a comrmon
point and whether they are straight lines or curves. Notice whether the
perallels have the same length or whether they becore gmaller toward the
pole. O\

2. Make a gimilar compatisen for maps of the Polar Regions. A

: e
- Mercator’s Map of the World. One of the most commof yworld
maps is ealled Mercator’s Projection; in fact, most maps ofvtlie world

Frovre 1l.
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are drawn on Mercator’s plan. In the Mercator map the meridians
are parallel straight lines, equal distances apart; the parallels of lati-
tude are also parallel lines, but the distance between the parallels
increases toward the poles,

It is worth while to compare the Mercator map with the globe,
All the parallels on the map have the same length; on the globe of
course the parallels become shorter toward the poles. At latitude 60°
on the map, distances in both the east-west and north-south direc-
tions are doubled in length. Hence an island at latitude 60%3s four
times as large as it should be. Figure 11 shows how aras.hre en-
larged by the Mercator map. Egypt, Anglo-Egyptian{8udan, and
the Belgian Congo have been placed on the map of Greenland.
Greerland has an area of only 827,300 square milés “while the com-
bined area of the other three territories is 2,276,500 sguare miles,
This shows that the Mereator map should nof¥he used for comparison
of areas. O

Mercator’s map has one important property which makes it impor-
tant for navigation. Any two points‘oﬁ the earth may be connected
by a curve which does not change dfrebtion; such g curve is called a
rhumb line. A rhumb line is not-t6 be eonfused with a great circle.
The great, %ixﬁlﬁ begﬁggpyiggg% ﬂpiﬁts is the shortest distance betweéen

rau
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them, but as one follows a great circle, his direction will change from
point to point as he moves along the arc. In place of the great circle
one might follow the rhumb line between two points; in this case the
direction would remain the same, but the total distance traveled
would be longer. Only when two places are on the equator or on

the same meridian will the rhumb line
them coincide.
Figure 12 shows the rhumb line and

and the great circle between

the great circle between San

Francisco and Tokyo plotted on the Mercator map. Notice that the{
rhumb line is a straight line on the map and the great circle is a curye,
and hence appears to be longer than the thumb line. Actuallghthie
rhumb line is 266 nautical miles longer than the great eircle, | INotice
also that the great circle changes direction since it goes adfar north

as latitude 49°.

4
)\

The importance of maps cannot be overemphasizei:l.:' However, &
true conception of areas and distances on the.,@rj;h can be gained

only from a globe.
' Problems

&

N\ 3

Tn cach of these problems & series of,ﬁg;iﬂta on a great cirele is given.
Plot the great circles on a Mercator map ;i,nd draw the corresponding rhumb

[ines.

Latitude:  46°50'N. _(PL°30’ N.
Longitude: 60°W. ’\\"40°W.

www.dbraulibrary.org.in

1 Curtis Tield (40° 45' ., 73987’ W.) to Paris (48° 50' N., 27 20/ E)

52° 10" N. 49° 30’ N.
20° W, - 0w,

2. Cape Race {46°3¢"N., 53°04' W.) to Cape of Good Hope (34°21'S,,

18° 29’ E.) P
Latitude: 408N, 20°N. e A1°8. .
Longitudes (32° 15" W. 22° 25" 'W. 82T W. 5°31'E.

3. Hongluhi (21°18' N, 157° 52" W) to Vancouver (48° 34’ N, 124°08'W.) -

Latitpde:  30°24'N. 3 1FN. 3% 19N, 4°48'N.
{nggi’tude: 150° W. . 145° W. 140° W, 135° W.
4Y Cape Farewell (59°47' N., 43° 40 W.) to Bouvet Island (547 28’ 8.,
3° 30" E.)
Latitude: .
50° N. 30° N. 10° N. 10° 8. 30° 8. 40° 8.
Longitude:

95090 W. 26°04’ W. 20°08'W. 14° YW, 9°02W. O°IYE

The Types of Navigation. The problems of determining the direc-
tion and distance of one point irom another and of fixing the position

of an airplane or a ship are solved in

a variety of ways. Position
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may be determined by the aid of maps and visible landmarks ; this
is called piloting. Position is also found by dead reckoning; that is,
calculating the new position from the distance and direction flown or
sailed from some given position. Radio has become increasingly
important in navigation. The radio beam and the radio direction
Jinder tell the direction of the airplane from the radio station and
enable the navigator to plot these direction lines on a map. Finding
latitude and longitude from observations of the sun and stars is
called celestial navigation. Whenever possible these four metiods of
navigation are used together as is shown in this deseripfigny of the
training at the Kelly Field Navigation School. "\

N

Actually the aerial navigator has to learn four types(of navigation and
practice all of them in the one hundred hours in the afi Be gets here bevides
the clagsroom work. In one of AT-7 Beecheraft h&vipation-training planes
used here you will find three student navigators\all working at once, but
separately, while the ship is speeding on one ofsthe training missions, These
average one thousand miles apiece, and talée the boys to every part of thig
country within a 500-mile radius. ANV

One man will be piloting, with the,ald of maps, landmarks, beacons and
some of the plane’s instruments. Angther will be working on dead reckon-
ing, using Wp%ﬁ@gi{ﬁg{iﬁg}qﬁr}j Rlock, and other instruments, The third
will be navigating wholly by-Tadio, correlating radio beacons, beams, and
other sources of informatiofivobtainable by radio.

Or in place of one of #hose three, there being room for only three students
in an AT-7, there vgl be one man practicing celestial navigation, taking
sights with a bub e sextant through the plane’s top hatch or windows of
the sun, moon jor stars, and working them out with his own tables and
instruments. (3"5ll three men come out with the same answer, and the .
plane is whete they think it is when they say it should be, the mission has
been asg'rw’ess.

N — WiLziam H. TavroRr in the New York Herald Tribune,

N July 26, 1942
AN
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CHAPTER 1I

THE SAILINGS AND DEAD RECKONING

Dead reckoning is the process of finding the new position of a ship
or plane from the distance and direction it has traveled from some \
given position. The various methods used in dead reckoning ap;\fl‘iql
the reversc problem of finding S\

o ne N
the direction and distance be- =9 40
tween two peints are called N \ i
satlings. '»‘j\"
Measurement of Directions or ’ &

Bearings. In problems of naviga- AM /
tion it is necessary to have an ggge {& A E —g0°

exact method of indicating direc-

tions. The direction of point A o)
from point B is called the hearing \
of A from B and is expressed 283" “www.dbygulibrary.oigein
an angle. Bearings are indicated’ 4V s - ¢
from 0° to 360°; north is:O‘} east 180°

90°, south 180°, and est’ 270°,
as shown in Figure 8.

If point B is dde South of point A, then the bearing of B from A
is 180°, and a plane flying from A to B would be on a course of 180°.
If a plane folfows a course of 130°, then it is flying in a direction
which is\(:h)‘s toward the south from east. A northeast course or
bearingis 45°, southeast 135°, southwest 225°, and northwest 315°.
This Thethod of indicating bearings and courses has largely replaced
the’ older method of dividing the 360° into the 32 points of the
compass,

The most common instrument for measuring bearings is the mag-
netic compass. The compass needle does not usually point to the
trie north and hence a correction must be applied for this difference.
The difference between true north and magnetic north is called
magnetic varietion, or declination, and may be east or west. The
values of the magnetic variation for a few places in the United States
for 1942 are given on page 16.

Ticure 13.

15
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Topeka, 9° 13’ k. Bismarck 13°47' E.
Louisville 0°40’E, Houston  9°07 E.
Annapolis 7° 42’ W, Norfolk 6°19'W.
Buffalo 7°34'W, Cheyenne 14° 44’ It
The magnetic bearing of a line is its direction measured from mag-
N netic north and is not to be confused with the hearing
150 measured from true north. Suppose that the mag-

netic bearing of a line is 120° at a place wher\the
magnetic varigtion is 15° E. In Figure 14aJet ON
represent true north and OM magnetic, Q’oi‘th, then
120 angle MOA represents the magnetic heaking of 120°,
The true bearing is angle NOA or 159 33120° = 135°.
0 The correction of magnetic bea,ringa"may be reduced
to a rule: Q
To correct magretic bedring to true bear-
ing, add east varidfion, subtract west
variation. x\
"This rule should not(be applied arbitrarily until it
has been verified by many examples,

There argothabembtsof thegiompass needle caused by local mag-
netism and by the magnetisn;{.of an aireraft. Such errors must be
determined and applied imthe same way as variation.

o

&
Fiaure 14.

0 Problems

1 ConstructQa,\’ ﬁgﬁre like Figure 13 to show bearings or courses of 320°,
180°, 10°, 97°, 219, 175°, 290°.

2. Find/ydur local magnetic variation by reference to & table or large-
scale map”

3-.fC0mplete the following table. In each case construet a figure like
Kigiire 14. (Do not write in your text.)

N\ Magnetic Bearing  Variation True Bearing

73" 5E. .

310° e .

230° 1w, .
90° R
175° *w.

260° ww.
20° 8 K.

130° 6°W.
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4. Complete the following table.
Magnetic Bearing Variation True Bearing

______ 6" W. 30°
...... 11°'W. 63°
...... 14° K. 330°
______ b°W. 250°
...... 10°E. 185°
...... ' 15°W. 80°
...... 8 E. 240°

Plane Sailing. When it is required to find merely the relationd ™
between. the course, distance sailed, and the corresponding r{q\d{l-
south and east-west distances, a method known as plane sgiltngds
used. Plane sailing is concerned with _ Dep. Oy
a triangle like ABC, in Figure 15, B
where angle C is the course from C
to A, CB is the meridian through C,
and BA the parallel through A.
Plane trigonometry may be used to
determine the various parts of tri- AN
angle ABC. Bk
CAjscalled the distancesailed (Dist.) N
CB the difference of latitude (DL
BA is called the departure (Dep.).

Notice that the 1eng1‘ilg~@f CB in
nautical miles may be found directly
from the differcnce(df the two lati- Ticure 15.
tudes; if A is inJatitude 47° and C c
in latitude 43,"&1slien CB = 4° or 240 nautical miles. BA, however,
is an arc of(a parallel and its length in miles would not be equal to
the djﬂe;i;&'é of longitude. One minute on the equator is one nau-
tical mife, but one minute on the other parallels will vary according
O"tilf.e\‘ latitude. Hence difference of latitude (DL} may refer either
touatautical miles or difference of minutes of latitude, but departure
refers only to a distance expressed in nautical miles. From this it
follows that plane sailing may not be used to find the longitude of a
new position,

The two problems of plane sailing are:

(1) Given the course and distance, to find the difference of
latitude and departure.

(2) Given the difference of latitude and departure, to find
the course and distance. :
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The formulas for plane sailing are simply the formulas for solving a

plane right triangle, DL = Dist. cos C
Dep. = Dist. sin C

. Dep.

tan C DI

When the third formula is used to find angle C, an acute angle
will be found in the tables; this acute angle will be the angle from
the meridian to the distance. The relationship between angle.and
the course, expressed in the usual 0° to 360° manner, is_ghdwn in
Figure 16. In plane sailing as in most problems of trigénemetry a
figure should always accompany the solution of a prohlém. Draw

figures for examples 1 and 2. N
- il
r \\ I—"‘\.\ ..,.\\
Course S/
] \

xi\%ﬁurse —
'\ v /)“ /; \\\
3 3 ”/ "f \.
1 ]
S \ /

. 2 :: \\ I,
www.dbraulibrary .orgyin Course

Course=C  Course =180 — g ~0% Course =180+ Course =360 ~¢
AN Frevrs 16.
e
Plane sailing may uot be used to find the difference of longitude
between C and Ahand may not be used when the distances involved
become too long); because of the neglect of curvature.

Ezample 1’,\' “A plane flies a course of 335° from Mitchel Field (40° 45’ N,

73° 58’ %j;\fér 200 nautical miles. Find the difference of latitude and
depariire, :

~3¥og 200 = 2.30103 log 200 = 2.30103

~\Jog cos 25° = 0.95798 log sin 25° = 9,62505

N,/  logDL = 525831 log Dep. = 1.92688
DI = 181.3 nautical miles Dep. = 84.52 nautical miles

Ezample 2. Find the course and distance from C to A if A is 215 nautieal
miles west and 183 nautical miles south of C.

log 215 = 2.33244 log 215 = 2.33244
log 183 = 2.26245 log sin 49° 36’ = 9.88169
log tan C = 06999 log Dist. = 2.45075
C = 49°3¢ Dist. = 282.3 nautical miles
Course = 229° 36’ g
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Problems
1. A ship sails a course of 140° for a digtance of 283 miles. Find the
difterence of latitude and departure.

9. A ship changes her latitude 207 miles to the north and makes a depar-
ture of 118 miles to the east. What coursc has she followed, and what is
the distance made good?

3. A planc follows a course of 310° for 2% hours at 100 miles per hour.
Find the diffcrence of latitude and departure.

4. Tind the course and distance in the following:

DL Dep. O\
(a) 250 miles north 300 miles east AN
() 208 miles south 267 miles west g
{¢) 315 miles south 245 miles east W& N

(4) 135 milcs north 210 miles west (< )
6. Find the difference of latitude and departure in the following:
.\\,‘

S

Course Distance P
{a) 37°34 384 miles
(&) 307" 10 242 miles
(¢} 145° 00 317 miles
(d) 210° 40 289 miles
{e)} 298° 30 117 miles

Parallel Sailing. If the geurse is
due cast or west, it is eagy to con-
vert the nautical mil‘ei\df departure
into degrecs and minutes of longi-
tude, or to com;ersi;' a given difference
of longitude jnbe nautical miles, In
Figare 17,AB s an arc of the paraliel
of L°, DIN'the ecorresponding arc of Figome 17
the equtor, O the center of the parth, and O’A the radius of the
parallel. In right triangle OAQY,

A O'A =OAcosT, =0DcosL
AB _ O'A _ ODcos L
DE OD oD

Hence AB =DEcos L

AB is the departure or the distance slong the parallel, and DE is
the corresponding distance along the equator. The number of nau-
tical miles in DE cquals the difference of longitude, since on the
equator one minute of longitude equals one nautical mile, Differ-
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ence of longitude is abbreviated DLo. For parallel sailing the
formulas are:
Dep. = DLo cos L, and DLo = Dep.
) cos L
Notice that the difference of longitude, DLo, is the number of
degrees and minutes of longitude between the two meridiang and is
not always the differences between the two longitudes. For the

three examples below DLo = 10° = 600’. \
60° W. to 70° W. 70° — 60° = 10%,
5°E. to B5°W. 6° 4+ 5° =-19%

175° W. to 175°E. 360 — (175° 175°)‘.:.;"10°

Ezample 1. Find the distance along the paralle! of 37" 30" 8. from White
Tsland, New Zealand (177° 11/ E.}, to Cape HOWe,.Vg'}toria (149° 59" E.),

Dlo = 177° 11’ — 149° 50" — %",12’ = 1632
Dep. = 1682 cos 37° 30/ = 1285 nautical miles

Erample 2. A ship sails east from [32}’: 00’ 8., 2° 10’ W.) for 300 nautical
miles, Tind the longitude of the new pesition.
- ulible 5300 e0s 32° = 3547 = 5° 54/
likr oL B
‘“’“"N‘é%ri‘é‘ng%ﬁ%% i‘%q 10'W. — 5°54’ = 3° 44’ K,

Ny

o

Problems

1. Complete thef\e@oﬁ'ing table. Find the DLo in degrées and minutes.
4°10''W.  54°48'W.
P 178° 13 W. 176° 19’ R.
6° 17" E. 5° 46’ W,
s T W, SI° 19 W.
O 120°47'E.  122° 27’ .
R 174°3¢' B, 160° 43' W.

o \2. Find the number of nautical miles in 10° of longitude on each of the

\ Jparaliels of 15°, 30°, 45°, 60°, 75°, 90,

3. Find the number of minutes of longitude in 600 nautical miles on each
of the parallels of 15°, 30°, 45°, 60°, 75°,

4. Find the distance along the parallel of 35° 30’ N. from Tokyo
(139° 45" H.) to Wang-kia-tia Bay, China (119° 52’ B.).

5.- A Sh_ip in latitude 58° 00 N. and longitude 23° 45’ W. sails west 195
nautical miles. Find the longitude of the new position.

6. Find the distance aleng the parallel of 41° 09" N. fram Bridgeport
Harbor (73° 117 E) to the north point of Gardiners Island (720 09’ \V)
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7. A ship in Iatitude 32° 22’ N. and longitude 52°20° W. sails west 365
miles. Required, her distance from the Island of Bermuda in the same
latisude and longitude 64° 43' W. (from Norie’s Navigation).

8. Find the distance along the parallel of 41°09" N. from Oporto Light
(8° 41’ W.) to Block Island Light (71° 33 W.).

Middle Latitude Sailing. When the course betwoen two points
does not follow a parallel of latitude, some mcthod must he found
to obtain the longitude of the new
position. In parallel sailing, dif- B
ference of longitude was found by
the formula DLo = Dep./cos L.
In middle latitude sailing, nautieal
miles of departure are converted to
minutes of longitude by dividing by
the cosine of the average of the two
latitudes, that is, the middle lati-
tude. Middle latitude is abbre-
viated L.

Middle latitude sailing is equiv-
alent to solving a plane right triangle £
ABC, Figure 18, where the sides are v
DL, DIo cos L, and the distarite.

Dlo cos Lm

DL

www.dbraulibrary.org.in

o c
Angle C is related to the: ce@rse as Freore 1S.
was shown in Figure @p’age 18.
The formulas for finding'course and distance arc:
. Dcp. _ DLocos Im ot — Dep.
tan (;\— “BL DL and Dist. S G

S

Ezample, .: - Fmd the course and distance by middle latitude sailing from
(35° 00" N,\61° 31" W) to (30° 00’ N, 53° 22’ W.).
DX, — 35700 — 30° 00’ = 5° 00" = 300 = 300 nautical miles

N

\ VDio = 61°31 — 53°22' = §° 09’ = 48%

I, - 300+ 30°00 _ ao0 gy
Tog DLo(480) = 2.68931 log Dep. = 2.61534
log cog L., (32° 30°) = 9.92603 log sin C(53° 58) = 9.90777
log Dep. = 2.61534 log Dist. = 2.70757 _
log DL(300) = 2.47712 Dist. = 510.0 nautical miles
log tan C = 0.13822

¢ = 53°5%
Course = 126° 02
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When the course and distance are given, the formulas for finding
the latitude and longitude of the new position are as follows:
DL = Dist. cos. C DLo = Dist.sin G
08 Ly

The difference of latitude and longitude are then applied to the
given latitude and longitude to find the new position.

Example 2. A plane leaves Dayton Airport (30° 53’ N, 84 1% W\) and
flies a course of 225° for 400 miles, Find the latitude and longitudenof the

new position. O\
log Dist.(400) = 2.60206 log Dist.(400% = 2.60206
log cos C(45%) = 9.84049 log sin G(45°) = 9.84949
_ log DL = 2.45155 Jeg Dep. = 2.45155
DL (nautical miles) = 282.8 log cqg%(B?“ 327y = 9.98027
DL = 2242’8 " log DLo = 2.55298
_age s 42428 \ DLo = 35"
L = 39° 53 2 7\ DLo = 5° 57
Ly = 37°3% - N

New position: 39° 53’ N. A% 43’ = 35° 10’ .
84° 12' W, & 5° 577 = gg° 0% W.
www.dbraulibrary.org.ing™
Middle latitude sailing is any Approximate method and cannot be
used when the distance is $90° great. The error is considered o be
“immaterial for distances ranging up to 200 nautieal miles, but for
distances of 600 nauj:iﬁaj miles the default from ageuracy would be
of the order of one*ger cent when the middle latitude is as great as
60° " (Bowditch).’. Middle latitude cannot be used for courses cross-
ing the equabor ;.
RS Problems
1, F‘i§"t'.he course and distance hetween the following points on the
great (ﬁm e from New York to the Cape of Good Hope.
(A (25° 00 N., 46° 36’ W)
\m*, B. (20° 0 N, 40°41' W)
C. (15° 00 N, 85° 207 W
D. (10°00'N., 30° 13’ W.)
2. Find the new position from the following initial Dpositions and eaurses
and distances, :
A, (49°42' N, 50° 0/ W.), course 49° 20, distance 248.6 nautical miles
B. (52° 24/ N, 45° 00 W.), course 53° 18', distance 222.5 nautical miles
C. (6437 N., 40° 000 W.), course 56° 42, distance 210.6 nautics] miles
3. A ship sails 268 nautical miles on a course of 223° from latitude
3977’8 and longitude 3° 42 E.  Find the new pogition. ‘
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4. Tind the course and distance by middle latitude sailing from Vladi-
vostok (43° 05’ N., 131° 53’ B.) to Niigati (37° 55' N, 139° 03’ E.).

5. Find the position reached by a ship sailing a course of 315° for 300
nautical miles from (48° 46" I, 178° 16" W.).
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CHAPTER III
PILOTING

Navigation beyond the sight of land, where observations of/the
sun and stars are necessary for the determination of latitudeNand
longitude, is called celestial narigation. Celestial navigationigto be
distinguished from navigation along coasts and in harbots)which is-
termed peloting. “Piloting, in the sense given to the word by modern
and popular usage, is the art of conducting a vesselinchannels and
harbors and along coasts, where landmarks andraids to navigation
are availsble for finding the position, and wherésthe depth of water
and dangers to navigation are such 88 to requive a constant watch to
be kept upon the vessel’s course and frequent, changes to be made
therein” (Bowditch). The greatest dangers to ships usually oceur
when, the, shipdbraeablandarii enteritg or leaving a harbor; and
while errors in finding position on the high seas may be corrected by
later observations, an error in piloting is frequently dissstrous.

In modern piloting the navigator is provided with detailed charts
of the coasts, lists of landngarks such as lights and buoys, and precise
information eoncernin . ¢he tides, currents, and depth of the water.
Soundings are of thq l}axost importance in piloting. Modern ingtru-

baek to the veagel. Since sound fravels at a constant speed in water,
the depth.df the water can be automatically determined and plotted
by the gounding machine, When the position of an aircraft, or
ratherthe point on the earth directly beneath it, is determined from
yisi\b]% landmarks, methods corresponding to those of piloting may
besed. Air navigation, however, is complicated by the rapid change
of position and by frequent poor visibility. The aeronauticsl charts
of the United States issued by the U. 8. Coast and Geodetic Survey
provide the navigator of s plane with detail similar to that of the
coast and harbor charis.

Position by Cross Bearings. When it is possible to observe the
bearings of two, or more, objects which are indicated on the naviga-
tional or aeronautical chart, position is easily found by plotting these
bearing lines. The navigator observes the bearing of a lighthouse

24
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from his ship, but must plot on the map the bearing of the ship from
the lighthouse. In Figure 19 the bearing of point B measured from
A is 110°, but the bearing of A from B is 110° 4 180° or 290°; simi-
larly the bearing of D measured from C is 240°, but the bearing of
C from D is 60°, or 240° — 180°,

00
00

00

\ B 2?'30 b e ‘ \ \x»\fww,dbrauljbrary.org.iﬁ
Freurd, 19.

In Figure 19 if A rcpresentd\a ship and B a lighthouse, then the
navigator measures the bgzan-?ng of 110°, but must plot the reciprocal
bearing of 200° on hidgbart. Reeciprocal bearings differ by 180°.
In problems of this £ind the meridians through A and B are con-
sidered to be parallelstraight lines. Two bearing lincs from different
objects will interséct in a point, but give no check on the accuracy
of the interstafion. When possible it is desirable to obtain threc
bearings 8 have a check on the accuracy of the intersection, or fi.

Ezdpiple. A plane flying over Long Island Sound observes the bearings
of\three lighthouses.
Plym Island, 275°
Cardiners Island, 265°
Montauk Point, 140°

Find the position of the plane on the chart.

The plane bears
95° from Plum Island

85° from (ardiners Island
290° from Montauk Poiné
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The three bearings do not determine a point but a small triangle,
the so-called ““cocked hat,” or triangle of error. The aceuracy of the
fix depends of course on the size of this triangle,

EN}{E T

Plum
island \

Gardinefsd
fsfand ™

AN

Y,

Montauk
Point

Lt

brale iy

4 Figure 20.

& Problems

LIS
Tt

}.,f Find the reciprocal bearings for the following bearings. Construct in
'Qth'case a figure like those of Figure 19. (Do not write in your text.)

Bearing of
A from B
350°
175°
87°
247°
190°
10°
208°
90°
a7

Bearing of
B from A

~
\:
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2. Construct a triangle ABC with AB = 3.5 miles, BC = 4.0 miles, and
CA = 5.4 miles. Make the direction of AB, 220°, AC js cast of B. A
navigator observes thesc bearings from his ship; A, 295°; B3, 270°; C, 250°
Find the position of his ship on your figure.

3. AB is 8.8 miles Jong and has a direction of 130°, BC ig 2.8 miles, and
CA 5.6 miles. AC is west of B. A navigator observes the bearing of A to
be 35°, B 60°, and C 80°. Find the position of his ship.

Radio Navigation. Various radio deviees have been developed /
which are of the greatest importance in modern air and marine
navigation. There are three means of finding position by radio:{ the
radie beam, bearings of the plane or O
ship from the radio station, and bear-
ings of the radio stations from the
plane or ship. These methods are
used fo determine position in much
the same way as cross bearings.

Along the main airlines in the N
United States there are stations at )™ w-dpRulibrary.ofg.in
frequent intervals which broadeast 3
signals for the guidance of pilots.y
These signals consist simply of tthe
letters A (~—) and N (=-} in~"Morse
code sent out in opposite Mdirections,
80 that each letter is dudible in two : Troure 21.
oppesite quadrants or/sectors. Along '
the boundaries of, ddjacent sectors the two signals merge in a con-
tinuous signal (»&); these equisignal zones are the radio beams. A
pilot approachide the transmitting station will receive one letter
more prongtieed if he is to the left of the beam and the other more
pronoungéd if he is to the right of the beam. The letters A an.d N
are inferrupted frequently for other signals which identify the direc-
tiohof the beam. .

The radio direction finder is an instrument which determines the
direction from which s radio message is received. By means of the
radio direction finder & station may determine the bearing of & plane
from the station and then transmit this bearing back to 1fhe plane.
Two stations can give the plane intersecting bﬁ&ﬁng? which det-er-
mine the position of the plane. In preparation for their trangPa.clﬁc
flights the engineers of Pan American Airways developed ‘l'axfllf.) d1r.ec-
tion finders with a range of two thousand miles. Radio direction

i
)
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finders have also been developed for the plane to carry, so that i
may find its own bearing from a ship or land station. Radio divee.
tion finders of this type have been developed with a range of ona
thousand miles. '
Radio bearing lines may be plotted on a chart and used to find g
fix in much the same way as the bearings obtained from visihle
objects. Radio waves follow & great circle, and for long distances
: the great circle will not have the
D same direction as the rhimib line
(see Figure 12). Belofena radio
bearing is plotted as @ strilght line
on a Mercator chakt; the bearing
must be corrected by special tables.
Position hy.{T%o Bearings of a
Single Objeets” The position of a
ship may\ bé¢ determined by two
ibrary.org.in DeArings@f a single object obtained
@ vl dbraulibrary.org.in at 'diﬁ'igrent times., In Figure 22,
A aid B are two positions of a
oahip following the course AB, and
Frcuns 22, & 3D is the object sighted. The angles
A Nz and g, called angles on the bow,
24 are obtained from the bearings of
D, measured at A and B. AB is known, since it is the distance
run between thekfimies of the two observations. Tigurc 22 is
simply & triangl ABD with altitude ¢, and plane trigonometry may
be used to tmd d, the distance from the object at the time the sec-
ond bea.ri?n%js taken, or to find ¢ the perpendicular. The distance
CDh (F) gsvalled the distance af whie, the object is passed abeam. In
pr. aci;aq. the use of trigonometry is avoideq by special tables.

\ thén BD = AB, or the distance run eq

angle observed until it has doubled,

There is & special method of finding DC, the distance sboam. This
consists of selecting the two angles ¢ and y 50 that cot £ — ot y =1
Fo'r example, if & = 30°, then cotx = 1.7321 and cot y = .7321,
using g table y = 53° 48" The navigat '

tables which give corresponding values
Case,

Or is supplied with special
of z and y for this special
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Problems
Prove that d = —2F0 Y _ and that ¢ = 25BZ8M Y,
sin (y — @) sn oy — 2)

Prove that BD = ABify = 2=,
Prove that if cobx — coby = 1, then a = ¢.
Prove that o sy - 1
sin(y — ) cotx—ecoty

5. Tind values of  and ¥, such that cotx — eoby = I by completing
the following table. TFind the other angles to the nearest degree only.
Hint: Unless you have access to a table of natural trigonometric functions; Q|
you will have to usc both the logarithms of numbers (pages ii—xix) and the .
log cotangents (pages xx—xlii) to solve this problem. &

e O B e
y bl +

N
Cot x z y - Coly ' i
2.475 22¢ ——— ——t . (""‘:
cma- —m— 43° 1.150 "'\'.’
1063 20 e e N
——- ———- _ BY° 0310 )
1.600 3¢ ———— _WQMQ\GI braulibrary.org.in

X 3
NY

79 0dow

c

Ficuee 23.

_'The Three-Point Problem. An important method of fixing posi-
tlo_“ is to measure the angles which the ship makes with three known
points. In Figure 23, Iet A, B, and C be three visible points and D
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the ship. D may be determined on the chart by the angles 2 and y.
Since the solution depends only on z and y and not on bearings, the
angles may bc measured with a sextant and compass errors eliminated,
Errors caused by estimated distances are also eliminated.
The simplest solution consists merely in laying out the angles on
2 sheet of tracing paper and moving the paper over the chart until
the sides of the angles pass through A, B,and C. D may be located
in a similar manner by using 8 three-arm pbrotractor. Since D lies
on the intersection of two circles which have AB and BC as ¢hords,
the problem may also be solved by a construction of geomigtey: “To
construct, on a line segment [AB] as a chord, a segmetitof a circle
in which a given angle [] may be inscribed.” If this construetion
is repeated with the line BC and angle ¥, D is found’ by the inter-
soction of the two circles. N\
"To determine O, the center of the circle threugh A and B, construct:
angle ABT = angle z .\
e A IS o D
MO the perpendiculds bisector of AB

The position of D is indetermingte from the given data when the
two circles coincide; and fozj.g.il:acc-urate fix it is necessary to avoid
the case where the centers ate close together. In general, the posi-
tion of D is determined more accurately when the angles x and y are
large and the distancesrom D to A, B, and C are short.

The three-pointigizbblem was first used by the Dutch mathemati-
cian, Willebrord ~S\1§ll, who published s trigonometrical solution in
1617. Tt hasg many applications in marine surveying and military
engineering (a3 well as in navigation. Many solutions other than
the geometiical one have been devised. .

Q

N Problems

L Use the construction of the three-point problem to locate a ship D
N irom three lights, A, B, and C. AB = 2.1 miles and bears due south,

BC = 3.2 miles and bears 164°. Angle ADB = 33°, angle BDC = 68°
The ship iz on the east side of AB.

2. Give the proof for the geometric construction in Figure 23.

3. Construct the circle through AB in Figure 23 by making an isosceles
triangle on AB ag a base. Make each base angle of the isosceles triangle
cqgual to 90° — g,

4. Construct the circle through AB in Figure 23 by constructing a tri-
angle on AB as & base with the sum of the base angles equal to 180° — z.
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The Danger Angle., Another application of elementary geometry
is used in sailing along a coast where there are hidden reefs or other
dangers. In Figure 24, A
and B are two lighthouses
and C a hidden danger to
be avoided. The navigator
constructs & circle on the
chart which passes through A
and B and safely includes C.
. He then measures the angle
ADB inscribed in the larger
arc AB. In order to avoid
C, the ship must be steered
so that the angle ASB,
which it makes with A and

B, is less than angle ADB. FIgQRI fhraulibrary org.in

Problems ,\

1. Prove that () the ship is inside the Girele when angle 8 is greater
then angle D; (&) the ship is on the cirgle when angle 8 equals angle D;
{c) the ship is outside the circle when Sts less than angle D.

2. Construct a figure to show hoi?'oa'double danger angle might be used
to steer a safe course between twondangers.

o\
\ e hibﬁogaphy

Piloting: Dutton, Chapter VII; Bowditch, Chapter IV; Lyon, Chapter
V and Chapter VIEp Chapman: Piloting, Seamanship, and Smaill Boat
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“Charts of the Ohio River,” U. 8. Engineer’s Office, Louisville.




CHAPTER 1V
SPECIAL PROBLEMS OF AIR NAVIGATION

The same basic problems occur in both air and sea navigation.
Courses and distances must be caleulated for both planes and ‘ships,
and frequent determination of position must be made tar&ed if the
plane or vessel is on course. The aerial navigator must Work more
rapidly and frequently with more uncertain data. :Gcean currents
have been charted so that their effect on the course of a vessel can
be accurately determined. Although it is impogsible to chart the
winds in the same way as the ocean curretitd®y “the navigator of a
plane mustonddieultbs BN S%E1Re for the speed and direction of the
wind in determining his course. The defual direction in which a
plane goes, called its track, is the redal#/ of the wind direction and
the direction in which the plane is aitied or pointed. Similarly the
speed of a plane is the resyult of“the wind velocity and the speed
which the plane has in calm L

The high speed of modert aireraft makes it imperative that ecom-
putations of course anddistance be made rapidly. If the position
of & ship is in doubt,, {he' vessel may ‘“heave to” until an accurate
fix has been obtainéd® The aerial navigator must make the best
determination pokgible while traveling at a relatively high speed.
Many of the special problems of air navigation are solved by graphic
constructiompsinee the solutions must be obtained quickly, and since
the given(data are frequently approximate. This chapter will pre-
sent soltitions of certain problems peculiar to air navigation.

The*Triangle of Velocities. Ap important problem in air naviga-

) ﬁ@a\is to determine the effect of 5 wind of known velocity and direc-
tion on the course and speed of & plane. Consider g northwest wind
of forty miles an hour and s plane capable of making 150 miles an
hour in calm air. Suppose the plane starts from O, Figure 25, in
northeast direction — that is, on a course of 45°. C in Figure 25
represents the position of the plane after one hour if there is no wind;
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the wind iteelf in one hour would move the plane from O to A. The
plane of course does not follow either OA or OC, but its actual direc-
tion lies between QA and OC,

To determine the actual course and speed of the plane, construct
tho parallelogram QABC and draw the diagonal OB. The plane
actually moves along the line OB, with & speed represented by the
length of OB, and a course represented by the direction of OB. For
this example, the effective speed of the plane is 155 miles an hour
and its actual course is 60°. '

00

N\ Fraure 25.

The above ex ﬁj;ll\)le shows that it is necessary to distinguish care-
fully betweem~ghe direction in which the plane is pointed and the
direction igﬁﬁﬂch it actually goes. Heading is the direction in which
a planc 44 pointed; in Figure 25 the heading is 45°% Track is the
directian of travel over the ground, 60° in Figure 25. The air speed
Qf\ﬂl\enspeed which the plane has in ealm air must also be carefully
distinguished from the specd over the ground or ground speed. In
Figurc 25 the air speed is 150 miles, measured on OC, and the ground
specd is 155 miles, measured along OB. :

The drift angle is the angle between the heading and the track.
In Figure 25 the drift is angle COB, 15° to the right. Drift angle,
track, and ground speed may be determined by drawing only triangle
OAB instead of the entire parallelogram.

In Figure 25 a heading was assumed and the corresponding track
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was found. In general the navigator has to find the heading which
corresponds to a given track. This problem is also solved by con-
structing a triangle or parallelogram of velocities, Suppose it is
required to find the heading for a track of 80° with the same wind
and air speed ag bofore. In Figure 26, construct OA with o bearing
of 135° and & length of 40 miles to represent the wind. Draw the
indefinite line OB with a, bearing of 80° to represent the given track;
thon with eenter A, and a radius of 150 miles, draw an arc intersect-
mg OB at B. Complete the parallelogram OABC. Ag beforeMicad-
(\A

0° 7'\
y g ¥

www.dfraulibrary.org.in AN Cc

Fieure 26. -

ing and aifPspeed are represented by OC, and track and ground
speed by OB.
’Q'C\represents the given air speed, 150 mi./hr,, and the
orequired heading, 68°,
"\ 'OB represents the required ground speed, 170 mi./hr., and
N\ the given track, 80°.
The drift angle is 12° to the right, angle COB,

In Figure 26, the pilot must steer the plane 12° to the left of the
desired track, in order to offset the force of the wind driving him off
his course. That is, the pilot steers in the direction 0C, in order
for the plane to go in the direction OB,

In aerial navigation, heading is determined from the compass, and
2ir speed from the air-speed indicator. Track and ground speed
must be found by some method corresponding to the above. The
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wind direction is indicated in the usual manner, from 0° to 360°; how-
ever, the wind is said to be from some given direction; & north wind
i @ wind from 0% a southeast wind, a wind from 135, ete.

Problems

1. Taking a convenient scale, indicate graphically the following wind
velocities and directions: () 35 miles from 70°; (b) 15 miles from 160°%
() 40 miles from 340°; (d) 10 miles from 250°,

2. A plane has an air speed of 150 mi./hr.; there is a 40-mile wind from
315°. Tind the ground speed, track, and drift for the following headings,
by constructing a figure like that of Figure 25. (Do not write in yourbext.)

Heading  Ground Speed “Track Drift .\
315° mm —r——— ....--_"_t :

0 . e . _N_' R
gy wwwidbranlibrary . org.in
00° il eemeea A

135°  eeeee emee- K70 M

3. A plane hes an air speed of 150 mi./hr \there is a 40-mile wind from
315°. Tind the heading, ground speed, and drift to fly the following tracks,
by constructing figures like that of F‘ngr:@'%.

Heading Ground Speed> Track Drift
U - § 1
- oW 340°  eeaa-
______ ) i”-x\ 40° S
______ L\ 80°
_______ > . 115° S

4. A plane has a:r;\air speed of 200 mi./hr.; there is & 30-mile wind from
210°, Complgt\ez\,ﬁhe following table by finding heading or track, ground
speed, and dwife/

. H cading Ground Speed Track Drift
¢ .\': ¥ . e 00 ______
‘"\‘. o 00 ------------------
N T el
0% e emmeem mmemes
80° e emmmee mmmees
____________ 60° e
9G° e meeme emmmme
____________ 90° -
120° leel mmmee= mmrmms

5. What heading shall a plane take in order to track 225° if there is a
30-mile wind from 170°? The air speed is 130 mi./hr.
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6. There is a wind of 25 mileg per bour from a direction of 320°, Find
the track, drift angle, and ground speed of a plane heading 60° with ap air
speed of 120 mi, /hr,

7. Find the heading for a plane to track 310° if the wind is 20 i, /hr,
from 40° and the air speed 90 knots,

A o3 \Y
Ttouns 27,

The Wind Star. In the ijrob[ems of the previons section, it was
assumed that the Wipcz\direction and velocity were known to the
navigator, In maK)'(cases it is necessary to determine the heading
for a given track without g knowledge of the wind’s veloeity and
direction. This eroblem may be solved by meaguring the drift on
two headﬁt%’ N

In order o messure the drift it i hecessary to sight back on some

ure 2Ashows two positions of g plane following a track AB. with &
hedding represented by the paralle]l Lneg CD and EF. The drift

“angle is the angle between the fore-and-aft axis of the plane and the

track, angle d in Figure 27, Angle d may be measured by sighting
back on some fixed point like P over which the plane has passed.
In order to measure drift on ocean flights, flares have been developed
which will burn for some time after they have struck the water. For
daylight flying, Pan American Alrways developed a special “homb”
filled with aluminum powder which forms a visible mark after it
strikes the water.

The wind star is 5 graphic method of finding the heading for a
required track from easurements of drift on two headings.
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00

.\ﬁeﬁRE 98, Taz WiND STAR.

Ezample. A linc with an air speed of 100 mi./br. is to be fiown on a
track of 78%\By trial it hag been found that the drift is 23° to the right,
on a heading ‘ol 15°, and 16° to the right on a heading of 75°.
~ ThigProblem may be solved graphically by plotting the reciprocal bear-
ings (e page 25). In Figure 28 draw AB with a hearing of 255° and a
length of 100 miles. Since the bearing of AB is 255°, then the bearing of
BA = 255° — 180° = 75°. Draw the indefinite line BD, making angle
ABD = 16°. Next construct AC with & length of 100 miles, and a bearing
of 195° (15° 4 180%); lay off angle ACD = 23°. Extend BD and CD to
Itersect at point D. '

If the plane started from B, in calm air, it would arrive at A in one hour;
bitlt since it has a 16° right drift on this heading, it follows the track BD,
Sirnilarly, if the plane started from C, with no wind, it would reach A in
one hour; actually starting from C it will follow the track CD due to the
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wind. Hence the wind direction and velocity are represented by the beaz-
ing and length of AD.,

To defermine the heading which the plane must take to follow the required
track of 78°, construct DE with a bearing of 258°, so that ED represents the
track of 78°. Then, with A as a center, and a radius of 100 miles, the air
speed, draw an are intersecting DE at K.

The required heading is the bearing of EA, 58°, )
The drift angle is angle AED, 20°. \
The ground speed is the length of ED, 118 miles, o
This method may be summarized by noting that t}w\bearings of
all lines drawn to A represent headings, and that thesbearings of all
lines drawn to D represent tracks. The lengthdZof all lines drawn
to A represent air speed; and the lengths ofzall lines drawn to D -

represent ground speeds. There are varioussmieans for solving the
wind star wieshdhsagliprary org.in AN

4
S

N\
Proble’my. /

1. An airplane making 120 mi./h;:&étﬁ‘ speed drifts 15° to the loft on a
heading of 140°, and 8° to the rightion s heading of 40°, Find the heading,
ground speed, and angle of drifj::for a track of 95°,

2. It is desired to fly due ;%ést with a plane having an air speed of 80
mi./hr, On g heading of B00° the drift is 9° to the right and on & heading
of 240°, 21° {0 the i I@..’Find the heading, ground speed, and drif angle.

3. Tind the headling to track 38°%, with a plane making 200 mi./hr, air

speed, if the dri.fi;’ 18715° left on & heading of 88°, snd 17° Iof t on & heading
of 68°, O

9N
4. A pléné“which has an air speed of 175 knots drifts 6° right on & head-
ing of 265% and 10° right on a heading of 306°, What heading should the
plane.take in order to track 302°7 What ground speed will it have on this
eeding

’8. Tt is desired to track 116° with g plane making 200 mi./hr. air speed.
The drift is 12° right, on a 9p° heading, and 15° right on a 60° heading,
What heading should the plane take and what ground speed will it have?

6. 'I_‘he air speed of a plane is 150 knots. Tt drifts 10° 1o the right on
a heading of 290° and 6° to the right on 3 heading of 280°, Find the head-
g, ground speed, and drift for the Plane to track 253°,

7. A plane with an air speed of 200 knots heads 53° and driffs 6° to the
left; on g heading of 81° 3 drifts 8° to the left, Find the heading, drift,
and ground speed for g track of 102°,
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Tnterception. There is an old rule in navigation which says that
#congtant bearing means collision.” This means that if the bearing
of one ship from another is constant, the ¢
shipswill collide. InFigure29,let A, A", A",
etc. represent different positions of a ship
following the course AC; and B, B/, B”, etc.
the corresponding positions of a second
ship following the course BC. If the
bearing of the sccond ship from the first
remains constant, then the line connecting
the two ships is always parallel to the base
AB, and the ships must reach C at the
same time.

In air navigation the rule about con-
stant bearing may be changed to “con-
stant bearing means interception.” The
problem of interception has many obvious °( .
uses; planes are required to meet for patrpl',:% intercept hostile air-
eraft or ships, or to return to a carrier after a flight. The problem
of interception is solved graphically. ~3°

Ezample I. Interception without J?inéf and in less than one hour.

Point A (Figure 30) is 60 mileg South and 70 miles easb of point B. A
plane leaves A on a track of 280%\with a speed of 150 mi./hr.  Af the same

R&4
A \ f:lbra ulibrary. 01{% in
A Fieure 20.

time, a second plane with a{gpeed of 130 mi./hr. leaves B. What is the
track of the second plane; “when and where will the interception ocour?

70 Mi.

P\ B —T

60 Mi.
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Since there is no wind, track and heading are the same; and air speed
and ground speed are the same, Construet the line AC with a bearing of
280° and a length of 150 miles. Through C draw CD parallel to BA, With
B 25 a center and a radius of 130 miles, draw an are intersecting C1) at R,
BE represents the track and speed of the plane from B. The interception
oceurs ab point I The problem may be checked by finding the number of
kours required for each Plane to reach point I. .

Time for plane from B: BI/130 = 52/130 = .40 hour.
Time for plane from A: AT/150 = 60/150 = .40 hou.

N
¢\

Q"

B N
EIéifRE 31.

Example 2. Interception with wind and after one hour.

Point B (Figure 31) is. 50 miles east and 64 miles south of point A. A
plane is observed passing‘ever point B on & track of 60° with a gronnd speed
of 100 mi./hr. The;i%a 20-mile wind from 340°. Fifteen minutes Jater
& plane is dispatchédfrom A, which has an ajr speed of 130 mi./hr. TFind
the heading, traekiand ground speed required for the Plane from A to inter-
cept the planefrom B.

Construgt\the line BI with g bearing of £0° t0 represent the track of the
plane from"B. Make BC = 25 miles, the distance covered by the first
Planein ‘the 15-minute interval; then lay. off CD = 100 miles, the distance
coyered by the first plane in one hour. Draw DE parallel to CA. Con-

ii;u“et AF to represent the wind in one bour, 20 miles from 340°. With F

a center and g rading equal to 130 miles, draw an arc intersecting DI
at G. A¥FG is the usual wind triangle for the plane from A; FG repre-
senting heading and air speed; AG the track and ground speed. Extend
AG to intersect BT at point I, T isthe point of interception,

The heading of the pursuing plane is the bearing of FG, 75°.
The track of the pursiing plane is the bearing of AG, 84°. -
Its ground speed is the length of AG, 134 mi. /hr.

Time for plane from A to reach T = AT/AQ = 203/134 = 1.51
hours, : _ ' .
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Time for plane from B to reach I = BI/100 = 176/100 = 1.76

hours.
The difference of .25 hours between the two times is the fifteen-minute start
of the planc from B.

The problem of interception depends on the intersection of a line
and & circle. In example 2, the circle, with center F and radius 130,
intersects the line DE. In some cases the circle will not intersect
the line, and then no interception is possible. In other cases there
may be two intersections; the two intersections, however, do not/
always give two solutions for the problem of interception.

N
7 '\ A

"N\

Problems g >
1. In example 1, change the heading of the plane from A $0.252% Show
that intereeption tales place in one hour. (¥

2. Show that interception is impossible in example iflBra®kibdtrgy ofrghin
plane from A is changed to 240°, RN
3. Point A is 59 miles east and 70 miles northebf B, A plane leaves A
on a heading of 250° at 140 mi./hr. air speed,\ At the same time a plane
leaves B at 110 mi./hr. There is no wind. Hind the heading of the plane
from B and the time of interception. ~N
4 Bis 60 miles east and 90 miles solith of A. There is a 40-mile wind
from 315°. A plane from B heads 80° at 120 knots air speed. Fifteen
minutes later o plane leaves A atA%5 knots air gpeed. Find the tracks and
ground speeds of the two plangsiand the time required for interception:
B. A plane is sighted o #Montauk Point on Long Island, heading 240°
and making 150 miles per hour. Fifteen minutes later a plane is to be
dispateched from Mitc}\l’el “Field to intercept the first plane. The pursuing
plf'ine is also capablc:t)f making 150 miles per hour. Mitchel Field i= 80.9
miles east and 19/ ftles south of Montauk Point, Find the heading of the
-bursuing plapdaed how far from Mitchel Field the interception takes place.
B. A 1596 miles north and 45 miles east of B. A plane is to start from
Bon 8 taek of 300° and has a ground speed of 90 miles an hour. At the
SEIIE e a plane s to take off from A to join the plane from B. The
Pl_&ne from A has an air speed of 130 miles an hour. There is a 26-mile.
¥nd from the direction of 40°. What heading should the plane from A
take, and where wil] the interception ogeur?
T Bis 74 miles north and 51 miles west of A. A plane leaves A and
flies dl_le east at 90 miles an hour. At the same time a second plane making
Fﬁd‘m]es ber l'l.our leaves B to overtake the first piane, There is no wind.
1nd the heading the pursuing plane should take, and determine where the
Interception oceyrs.

8. Solve problem 7 if there is a 30-mile wind from 225°.
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Radius of Action Returning to a Fized Base, Itis frequently nee-
essary to determine how far a plane can fly from a given point, and
return within o fizxed time. The total time which is allowed for
flight depends upon the fuel supply. If there is no wind, the dis-
tance the plane can fly is determined at once by the air speed, and
the “time out” will be equal to the “time in.” When there ig 3
wind, the ground speed on the outhound trip will be different from
the ground speed of the return flight. In this case it is necessary
to determine these two ground speeds, and use them to calefllate
the distance, called radsus of action, which the plane may safgly By.

€ N\

¢ N
Figurn 32, RADLtys’.OF ACTION — Fixep Basg,

Ezample. A plane js ordered to leave point O (Figure 32) and scout in
a direction 70°. The pleg hag an air speed of 225 mi /hr., and the total
time of flight 5 to,be'three hours. There is o 30-mile wind from 315°.
Find the radius of agtien,

The first step,deto find the ground speeds for the track out (70°) and
the track in (250%), under the given wind conditions, These two triangles
may be constructed together as is shown in Figure 32, Draw OA o repre-
sent, the.witrd, and the line COB 4 represent: the tracks of 70° and 250°.
From A3s a center, and with a radius equal to the air speed of 225 mi./hr,,
drafvu(’&rca intersecting CB at © and B,

\ ) The ground speed out or gy = 240 mi./hy,
The ground speed tnor g, = 214 mi./hr.

Denote the time out by t,, the ime in by &, the total time by T, and the
radiug of action by R, then: :
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= Batg)

gz
= Tthg.
91+9’2

For this problem, 7' = 3 hours, ¢y = 240 mi./hr., g; = 213 mi./hr., and

_ 3(240)(213) _ .
T 339 miles

T 3(213)

h=—t8 528 _ g4y

R S 1 howrs \ ~
_ Ty _ 3(240) _ .

s = 9’“—1 T o 453 1.59 houra O\

yi

'\
Hence the plane follows the track 70° for 1.41 hours with a groundspee
of 240 mi./hr.; it turns and follows the return track of 250° foz 159 hours
with a ground speed of 213 mi./hr. wrw dby Lﬁdiibrary,org, in
In all of the problems which involve wind velstity, the answer
obtained is valid for the given wind conditiqns,\\and any change in
the wind requires that the problem be rewprked with the new data.

Problemg)®
Find the radius of action for each of'the following:
Total Time Track Out __ “dir Speed Wind
1. 4 hours - 30° \‘ 180 knots 40 miles from 9¢°
2. 4 hours 30°:8) 160 knots 40 miles from 270°
3. 4 hours 213\\ 160 knots 40 miles from 45°
4. 3 hours 2l 160 knots 40 miles from 45°
6. Bhours HNB30° 200 mi./hr. 20 miles from 220°
8. 2.5 hours /0 195° 175 mi./hr. 15 miles from 70°
7. Shourg™\Y  130° 140 mj./hr. 20 miles from 100°
8 2 hq&‘ 3 75° 200 knots 15 miles from 0°
9. 2hairs 235° 200 knots 15 miles from 180°
N

Radius of Action Returning to a Moving Base. When o plane
leaves o carrier, the method of the last section does not apply, since
the carrier will not remain in a fixed position. The problem of
fefurning to a moving base is a combination of the simple wind
triangle and the problem of interception.

Ezample. A carrier is following a course of 0° with a speed of 20 knots.
There is o 25-knot wind from 310°. A plane with 90-knot air speed and
fuel for 4 hours is ordered to scout on & track of 60°.- How long may the
Plane scout in this direction, before changing eourse to Teturn to the carrier?
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R
www . dbragyglibrary.org.in \J
Fiaure 33, Rapws or Action 7—\\M0VING BasE.

The problem is first solved in terms of a‘s'@\e-hour flight from the carrie_r.
In TFigure 33, triangle OAB is construgted to determine the heading an.d
ground speed for the 60° track from\point . The ground speed out is
95 knots (OB} and the heading 452(AB). At the end of one hour the plane
is at point B and the carrier &b D; D being 20 miles north of 0. I is
required to find the time for the plane to intercept the carrier. Construct
DG = 20 miles and GH .'Qarallel to DB. BCT is the usual wind triangle
constructed to determifie) the heading, track, and ground speed for the
plane from point B, “The time required for the plane from B to intercept

the carrieris (% pr/py - 82/69 = 1,19 hours,

Henes, if the planie were t0 return to the earrier after following a track of
60° for only ne hour, it would tske 1.19 hours for it to return. The times
out and\nfor the flight of four hours are easily obtained from the times for
the Aight of 2.19 hours,
) \f N Total time _ 4 - time out _ time in
~0 2.19 197 T Loo 119
N/ Time out = 1.83 hours,
Time in = 2.17 hours, )
The ground speed out is the length of OB, or 05 knots; the ground speed
in is the length of BJ, 69 knots, _
The distance out is 95 % 1.83 = 174 miles.
The distance in is 69 X 2.17 = 150 miles.

The problem of returning to a moving base is essentially the same

as that of starting from one fixed base and returning to a second
fixed base.
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Problems

1. A carrier is following a course of 130° at 25 knots. A plane with an
air speed of 160 knots is ordered to patrol on a track of 30°, and return in
four hours. . There is a 30-knot wind from 90°. Find the time out, and the
ground speeds out and in.

9. Answer problem 1 if the track out is 60°.

3. Answer problem 1 i the track out is 90°.

4. Answer problem 1 if the track out is 30° and the wind is 20 Imots\
from 120°. \

5. A carrier is following a course of 75° ab 22 knots. A planc is toleoeitt
3 hours on & track of 350°. The plane has an air speed of 120 kfigts and
the wind is 15 knots from 270°. Find the time out, and the ground speeds
out and in. ' N 3

6. Angwer problera 5 if the track is 10°. wwwdﬁﬁ%ui‘library.orgin
7. Answer problem 5 if the wind is 15 knots from 2255

A \/

IRV
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CHAPTER V
SPHERICAL TRIGONOMETRY OF THE EARTH

In Chapter I, the lengths of great circle arcs were found by using
a “protractor” on g globe. This method was approximate only;
éven on a very large globe, it would be impossible to obtain gh.answer
correct to the nearest minute, Finding an aceurate smswer for g
great circle arc is a problem of spherical trigonometlx{. -In problems
of piloting, such as doubling the angle on the bow or finding the
distance wtvwiibhashihshioctnig Shssed abeam (page 28), the navigator
is using a plane triangle to determine o line which’he cannot measure.
Spherical triangles on the earth, that is, fxianigles formed by great
circles, arc used in a similar manner to find treat circle ares.

Four methods of finding position hiaye ‘been mentioned; they are
piloting, dead reckoning, radio nayigation, and celestial navigation.
Celestial navigation, which is finding latitude and longitude from
observations of the sun and stars, also depends on the solution of

- 8pherical triangles, N\

In this chapter two fundamental formulas of spherical trigonometry
‘will be developed and applied to earth problems, These two formulas
are all that azre necesgary for finding great cirele arcs, and for working
the main problends, of celestia] navigation. There are many other

. (The Haversine Function, The sine, cosine, and other functions

off an angle may be defined both as ratios and lines. For either of
the angles marked A in Figure 34

Sin A = y/r and o8 A = g/r
If » =1, then

BnA =y and cosA = x.
The distance BD in Figure 3435 » — 2, or if r = 1,
-BD=1—x=1-cosA.
BD, like the sine and cosine, is & funetion of angle A, It was formerly
46
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TigUrE 34.

called the sagitta, or arrow, since if CB is Bmﬁiltéhwﬁ}lal{? ﬁ
circle, the figure rescmbles a bow and arrow. L.J.’[.E]‘ QD was ca
the versed sine.

It is convenient to take one half of BD BD tself w111 vary from
# to 2; and hence BD/2 varies from 0 to 1. Ihe funetion BID/2 is
called the haversine, balf of the versed ame, \nd is abbreviated has.

Henee
1 —cos A

haversine A = hav, A — 2

~~'
LY

Both logarithmic and natura[ haversines are used in solving

spherical triangles. Haverfmles may be found from the known
values of the natural m{mes

o_]. COSOO=1"]—____0
.haf? g 3 3
[+] = €08 600 — 1 - 50 _ 25
\av 60 '—T—' 5 :
&\ 0_1—'005900 _"0=50
”\':.: hav 90 3 — =
~\J o 1—cos120° 1+ 50 _ 7x
\V; hav 120° = 5 7
' s 1 —cos180° 141 _4
hayv 180° = —g 5
log hav 60° = log .25 = 9.397%
log hav 90° = log .50 = 9.69897
log hav 120° = log .75 = 9.87506

The haversine increases from O to 1 as t

180°; the haversines of all angles are positive and never great

he angle inereases from 0°to
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The haversine is a means of simplifying certain formulas of piane

trigonometry. For example, for sing =J—1—_§°M, one may write

Sm% =vhave. The formula sin% = "@'_—?gs—_ﬁ is used to

find angle A in triangle ABC when the three sides arc given, The

square root may be avoided by writing, hav A = (—S—_—_%g:—g-
N\

Problems K¢ ~ \

Solve the following problems without using the haversine/tablés, Find
the natural haversines from the given natural cosines, ‘(?.Dc‘}' not write in

7

your text.) \

1. Prove that hav (— 2) = hav z and that hay (360~ 2) = hav 2.
2. Complete the following table: \%

z Cos x s Hwz

0° 1.000 R K ¢ 2
www.dﬁg@%library_org_in 866 "N 0 —a-o.
45° R

60° S0

90° Wwaooo

120° R 1)

135° ~ —a07

180° -~ .86

180% .4 —-1e00  ______ :

3
3. From the resujts\a problem 2 find the values of the haversines of 210°,
225°, 240°, 270",. 3002, 315°, 330° without further computation.

4. Use the resilts of problems 2 and 3 to plot the graph of y = hav = from
z = 0 to z £360°.

B. Cz{@p\teto the following:

R z Cosx Hayz Log Hap
AN 3° 37 98801 . .
\\3 4 3 3% Q9799 .
11° 28’ 8004 L .
11° 29/ 97998 . .
36° 527 80003 ...
36° 53’ 79986

6. From the results of problem 5 complete the following.

(a) Log haversines of angle between 36° 53’ and 180° have a characteristic
of _.___. '

® Log haversines of angles hetween ______ and

commem L atigles etween - _and .. ___, have a character-
istic of 8 — 10,
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(¢) Log haversines of angles between ___... and ...... have a character-

istic of 7 — 10.
7. Complete the following table.

% Cosx Log Hav Havx
53° 007 BO182 . aeeeea
53° 107 59940 .. ..
537 20° BOTIE eie aeeee-

The Haversine Table. Pages xliv—xlviii contain a table of haver-
sines for angles from 0° to 180°, at ten-minute intervals. The angle, »
its log haversine, and the natural haversine, are printed in adjacent
columns. On page xlv the first angle is 40° 00, printed 40°. IHende

7'\ “

from page x1v: log hav 40° 007 = 9.06810 K
nat hav 40° 00 = .11698 RS
log hav 40° 10 = 907157 (O
nat hav 40° 10" = 11791

I

" On page xliv the characteristic of the log haversitievaries from 4 — 10
to 9 — 10; the characteristic is printed for.€agh. angle on, this page.
On pages xlv—xlviii all the characteristies, (except for ’ﬁ% thrée ‘IES ;'
entries) are 9 — 10 and are printed (only in the headings of the
columns. In using the haversine tablé, it is necessary to interpolate

to the nearest minute.

Bzample 1. Find log hav 367 &4 and hav 36° 54",

To find the log haversine ,36",\.54’, find the difference of log hav 36° 50/ and
log hav 37° 00/, multiply #lis difference by .4, and add to log hav 36° 50",
To find nat hav 36° 54'#ybtract the natural haversines of 36° 50" and 37° 00/,
multiply the differenéd by .4, and add to the natural haversine 36° 50°. This
process of interpelation may be represented as follows.

Arigle Log Hay Nat Hav
.:%’"00' 9.00295 10068 ‘|
~OT 8658 [ 9.00068 10016
) & 10 x 378 y 87
L s6° 50" | | s.09917 ] | 09081 |
L_ 5 4 _ 4
10 318 10 87

% = 151 , ¥= 36
This diagram to represent interpolation is intended only as a xeans of making
the process clear. Frequently the arithmetic involved in interpolation can
be performed mentally; in any case the written work of interpolation should
be reduced to a minimum.
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Ezample 2. Find angle = if log hav & = 9.04270.
From page xliv 9.04270 is between the log haversines of 38° 50’ and 38° 4ty
log hav 38° 50" — log hav 38° 40’ = 00359
log hav z — log hav 38° 40’ = 00288
BMXIW=¥%
z = 387 40" 4 8 = 38° 48’ _
To clarify the process, the example may be represented in & manner similar to
example 1.

Angle Log Hap N
38° 50° 9.04341 A
{
[ [ o020 | O
w 288 359\

ﬁ 384 | L 9.0s982 .

Y _ 288 )

10 ~ 359

y=8 oV
R
Probleins.’

w.dhraulibrary.org.in

Use the Haversine table t6 solve thé\fellowing problems.

1. Find the log and natupa-i’{ haversines of the following angles:
(@) 110° 32, (b) 56°47, (o) W2, (@) 15°18, (o) 07° 45, (f) 37 34,
(@) 27°33', (h) 36° 57, (i) 11043, (/) 179° 57",

2. Find the angle ,g&j*responding to the following log haversines:
(a) 918908, () 9.90621,.4c) 8.23331, (d) 9.91067, (e) 6.93166, (f) 9.99806,
(g) 7.14506, (B) 840218, (i) 9.11227, (5) 9.45725,

3. Find the Augle corresponding to the following natural haversines:
(a) 80504, (B)SO7904, (o) 00186, (d) 76495, () 63472, (f) 01579,
(9) 64693, (B)784231, (5) 00042, (j) 70832,

Thp'haversine Formula for Great Circle Arcs. In plane trigo-
norietry the Law of Cosines, ¢ = a2 + b? — 2 gb cos C, is used to
~ind the third side of a triangle when the other two sides and their
included angle are given, The burpose of this section is to develop
a formula for finding the third side of & spherical triangle when two
sides and the included angle are given,

Spherical triangles are formed on the surface of a sphere by great
circle arcs. The sides and angles of spherical triangles are both
measured in degrees and minutes (see Triangles on the Earth,
pages 8-90).

Plane triangles are used in proving relationships between the sides
and angles of spherieal triangles.
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Figure 35 represents a spherical triangle drawn on a sphere with
center O and radius 7. The sides
BC, CA, and AB are denoted by
e, b, and e The plane triangle
CDE is formed by drawing the
tangents to AC and BC at G
these tangents meet OA and OB
extended at D and E. The four
plane triangles in Figure 35 are
drawn separately in Figure 36.
Angle DOC equals the arc AC
or b; angle OCD is a right angle; :
henee in triangle COD, TigURE 35. <"’~«:

CD =rtand and OD =rsech ~\\

Similarly in triangle COE, o\

W

CE = rtana and OE ?.’E"i\ﬁﬁﬁxﬂdbraulibrary,org,jn

Angle C, in triangle CDI, is the anglg‘,b:é"ﬁween the two tangents and
is equal to angle C in the spheri,qa{f iriangle. Angle EOD equals
the arc AB or ¢. N

0 T 58C & E

Fraure 36.
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Two sides of both triangles CDE and EOD are known from the
right triangles OCD and COE. Applying the Law of Cosines to EOD,
DE® = rtsec?a + r?sec? b — 22 sec a sec b cose. 1)
Applying the Law of Cosines to CDE,
DE’ = r*tan%a + r? tan?b — 272 tan a tan beosC. (2
Subtracting (2) from (1) and dividing by r2
0 =sec’a — tana + sec?b — tan% b — 2 sec asechcose
+ 2tana t\a.n b cos C.
Applying the formulas sec?a — tan? ¢ = 1 and sect b +\tan?h =1,
0=2—-2secasechbeosc + 2tanat-anbéd§0.
Transposing and dividing by 2, . N
secasecbeosc =1 4 tan g tag(é’é’os C.
Multiplying both sides by cos ¢ cos b, \%
cos¢ = cosacos b + sip{:\s‘in b eos C. (3

Formula (3) is called the sine-cosing Jormaula and may be used to find
side ¢ from ¢, dhmndGsr owbe Snd angle C, if the three sides are given.
In the sine-cosine formula, cos eds'the sum of two products. Either
product may be positive o’xj*ﬁég’ative; co8 @ cos b is negative when
either a or b is obtuse: siny @sin b eos C is negative when C is obtuse.

The sine-cogine for_;yrulzi’is not well adapted for computation by

logarithms. Since, d}ia\rc = L_—;ﬁ—c, cos ¢ may be replaced by

N\
1 — 2have, and\eos Cby1—2havC. A shorter and more con-

venient form\“is easily obtained by making these substitutions for
cos ¢ and _do3C.

1 ~2have = cosacosh + sinasinb (1 — 2 hav C).
"1%'2 have = cosacosd + sinasinh — 2 #in @ sin b hav C.
gm&z cosacosb +sinasinb = cos (@ — b) = 1 — 2hay (@ — b).
"'*fHence, 1—2have =— 2smasin b hav C +1—2hav (e — b).
3Thjs reduces to
hav ¢ = sin g sin b hay C 4 hav (¢ — b)
the haversine formuda for spherical triangles.

Problems

1. Prove that cosh = cosaeosc+singsinecog B and that coso =
cos & cos e + sin b sin ¢ cog A,

2. Prove that hav b = singsin ¢ hav B + hav (@ — ¢} and that have =
sit b sin ¢ hav A 4 hav b — e
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3. Find formulas for cos C, cos B, cos A from the sine-cosine formula.
4. Tind formulas for hav C, hav B, and hav A from the haversine formula.

Great Circle Distances on the Earth. When the latitudes and
longitudes of two places are given,
the haversine formula may be used
to find the great circle arc which
joins them. If the two lafitudes
are denoted by L1 and Lg, the differ-
ence of longitude by DLo, and the
great circle arc by I; then the haver-
sinc formula becomes

hav D = cos Ly cos Lz hav DLo +
hav (111 - Lz)

This formula is easily obtained from
the haversine formula of the last

PROCRE 37
section. In IMigure 37 triangle PAB is formed,ifg}}ivo points and the

W ﬂ;a raulibrary.org.in

pole. PB = 00° — latitude of B (8
PA = 90° — latitude of A:.—; 90" — Ly
P = difference of longitide = DLo
AB = required arc =D
sin (PA) = sin (90° — %) = cos Ly
gin (PB) = sin (902" Ly) = cos L.
hav (PB — PA) = hav, (0% — L. — 90° +- L) = hav (L1 — Ly}
Applying the formula\t\mv ¢ = sin g sin b hav C + hav (¢ — b) to
triangle PAB, A
hav D =:}:os Ly ¢0s Ls hav DLo + hav (Ls — Ls)
Exomple 1,~JFind the great circle distance between San TFrancisco
(37° 50’ N.,, 122°'26' W.) and Tokyo (35° 3% N., 139° 45' E.).
WAL= 35, L, = 35789, La - L= 21
(" DLo = 360° — (122° 268" + 139° 457 = 97° 4% -
€ bavD = cos 37° 50’ cos 35° 39’ hav 97° 49 + hav 2° 11’

log cos Ty (37 50"y = 9.80752

+ log cos Le (35° 39") = 9.90987
log hav DLo (97° 49") = 9.75435
0.56174

antilog 9.56174 36453

+ nat hav (In — L) (2°11) = 00038
nat. hav D = 36489

D = 74020
D == 4460 nautical miles
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In using the haversine formula, south latitudes are negative. Dlo
1 either the sum, difference, or 360° minus the sum of the longitudes
(s¢e DLo under Parallel Sailing, pages 19-20). All the functions
in the haversine formula are positive, even when one or both of the
latitudes are negative.

Egample 2. Find the great circle distance between San Francisco and
Tahiti (17° 307 8., 149° 30’ W.).
Ly = 37°50/, Ly=— 17°30 A
Ly — Ls = 37°50° — (— 17° 30") = 65° 17 N
DLo = 149° 30/ — 122° 268’ = 27° o4’ AN

cos Lz = cos (— 17° 30") = cos 17° 30’ ;:\
log cos 1y (37°50") = 0.89781
+ log cos I, (17°30") = 0.97942 | D
loghavDLo  (27°04) = 8.73847\

8.61670v

antilog 8.61570 = 04128
nat hav (Ly — Ly) (55° 17 = (91524
www.d brmﬂthwi}s&::g. 125652

D= 600 5

24D = 3652 nautical miles
Tn some cases L; — L, is};fxeéa.tive, but since hav (— z) = havez,
hav (Ly — Ls) is positive. ™
zmx\
™ Problems

1. Show that“the computation is unchanged in cxamples 1 and 2 if Iy
and I, are intérohanged.

Find theygreat circle distance between the two given places in each of the
following problems.

2 Harbour Grace (47°43'N., 53°08' W) to Moscow (55° 45’ N,
3R3YE).

D 3. New York (40° 43/ N., 74°00° W.) to Cape of Good Hope (34° 21’8,
IS 30E).

4. From Manila (14° 36’ N., 120° 57 E.) to Horg Kong (22° 16’ N,
114° 10’ B.}.

6. ¥rom Oporte Light (41° 09’ N, .8" 41’ W.) to Block Island Light

(41°09' N, 71° 33’ W.). Compare this answer with the distance slong the
parallel of 41° 09 I,

8. From Port Elizabeth (33° 58’ S. ) 25° 37" K.) to Freemantle (32° 03’ 8.,
“115°44° B.).

7. Auckland (36° 50’ 8., 174° 46’ E.) to Sitka (57° 03’ N., 135° 20’ W.).

\



'THE SINE FORMULA FOR SPHERICAL TRIANGLES 55

8. Piteairn Island (25° 04’ 8., 130° 08’ W.) io Easter Island (27° 10 B,
109° 26’ W.). :

9. Lakehurst (40° 01 N., 74° 20° W.) to Frankfurt-am-Main (50° 07’ N.,
839 E.). A

10, White Island, New
Zealand (37° 30° 8., 177° 31’
1) to Cape Howe, Victoria
(37 30 8, 149° 5% EJ).
Compare with example 1,
page 20.

11. Choghi, Japan (35°
42 N., 140° 52’ E.) to Cape
Horn (55° 59’ 8., 67° 16" W.).

12. If the great circle arc
of problem 11 is continued, . O
it will intersect the coast of Africa ab (8° 10’ N., 13° 06“¥R) between Cape
8. Ann and Cape Sierra Leone, making one of the Iongeét possible great
circle courses entirely over water. Find the distante’from Choshi to the
point on the African coast. QO\ b ww.dbraulibrary.org.in

The Sine Formula for Spherical Tﬁgnigles. Angles in & spherical
triangle may be found by a formula which is similar to the Law of
Sines for plane triangles. Pla,nc}ltri"angles are used in proving this
sine formula in much the same Way as they were used in proving the
haversine formula. Q '

The proof of the si%‘f'o’rmula depends upon a theorem of solid

\C geometry which is Hllustrated

I in Figure 38. If a given line is
perpendicular to a plane, it is
perpendicular to every lime in
the plane which passes through
the foot of the given line. In
Figure 38, AB is perpendicular
to the plane CD; the theorem
states that AB is also perpendic-
ular to BC, BE, BF, etc.

In Figure 39, ABC is any
spherieal triangle drawn on a
sphere with center O. Two
plane right triangles are formed
by the following eonstructions. Draw CD perpendicular to the planc
OAB; construct the plane CDE perpendicular to OA. From the

_ A
Ficure 39.
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theorem stated above, CDE and OCE are right triangles, Angle
A in the spherical triangle is the angle between the tangents to C4A
and BA at A; the lines CI¥ and DE are parallel to these tangents,
Hence CED equals angle A.

rsinh

0 E
TFigrke 40:\\
‘In FigarerslP it bighy - tFadlles\BOE and CED are drawn sepa-
rately. e

From COE, CE =r sm'& )
From CED, CD = OEsin A = rsin b sin A,

P4

If a plane is constructed through CD perpendicular to OB, then it

£\

could be proved ‘that’
OCD = rsinggin B.
Hence, :U};‘ CD = rsinbsin A = rsin g sin B,
sinA _ ¢inB
sin g sin

Then, \ ¢
;\\“:
Since A and B are any two angles of ABC,
O ' sinA _ sinB _ sinC
Q Sna  sinb = snc

This is the sine foﬁnula for spherical triangles. The sine formula may -
be used to find the angles A and B in Figure 37, after the arc D has

been found.
sin A _ sin B - sin DLo
cos Le  cos Ly sin D
sinA = SnDLocosT, o o sin DLo eos Iy

sin D gin 1)
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Ezample 1. Find the angles in the spherical triangle formed by the pole,
gan Francisco, and Tokyo. -

Let A be the angle ab San Francisco, and B the angle at Tokyo, ¥rom
example 1, page 53, Ly = 87° 50/, Ly = 35° 39/, DLo = 97° 4%/, D = 74° 20",

sin A = gin DLO cos La sin B = 0 Dpo cos Ly
gin D - gnD
_ sin 97° 49 cos 35° 39 __ 8in 97° 49 cos 37° 50/
- sin 74° 2 gin 747 207
log sin DLo (97° 49) = 9.99595
—logsin D (74° 207 = 0.98356 A
log quotient = 001239 ' R, \))
4+ logoos Ly  (35° 39") = 0.90087 D
log sin A = 0.02226 N
A = p° 4 , \
log quotient = 001237 .\
logeos Ly (37° 50") = 9.89752 ’
log sin B = 990680
- oo

= 5e 9 '
\$ ww.dbraulibrary.org.in

Since sin A = gin (180° — A), the sig;te' fanction cannot distinguish
between acute angles and their supplements. In the above example
log sin A = 9.92226, hence A equals sither 56° 44’ or 180° — 56° 44”.
This ambiguity may be avoided by using other rules of spherical
frigonometry, The havergifie formula may be written

ha‘v\é};: bhave — hay (o —b)

RS, gin ¢ sin b
and used to fisdthe angles. However, it iz seldom necessary to use
other ruless, {If the triangle is marked out on & globe with the “ great
circle profractor” used in Chapter I, it is easy to tell whether the
ang1?8<£ifé acute or obtuse. In example 1,ib s obvious from the globe
‘;{Etfbéth of the angles are acute.

Phe angles found by the sine formula give the bearing of the great

circle at A and B. However, the direction or pearing of the g_reat
circle changes continually. Only the indtial course can be obtained

from the values of A and B.

Fsample 2. Find the angles in the triangle formed by San Francisco (A),
Tahiti (B), and $he pole. o

From example 2, page 54, Ly = 37° 50/, Ly =— 1730, Dlo = 27704,
D = 60° 52",
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Here it is obvious that angle A is obtuse and B acute.

.\ sin 27° 047 eos 17° 30 R S0 27° 04 cos 37° i
sind = sin 60° 5/ sin B = sin 60° 527

log sin DLo (27° 04y = 9.65804
—logsin D (60° 52} = 9,94126

log quotient! = 0.71678
+logeosLy (17° 30 = 9.97942
log gin A = 0.69620 )
A = 180° — 20° 47" = 150° 13" - O\
log quotient = 0.71678 A
+logeosLy  (37°50%) = 9.80752 R\,
logsin B = 0.61430 g M
B = 24° 18’ "<”’<.
Problems AN,

Use the rosults of the problems on page 54%ahd find the angles of the
spherical triangles formed by the places namgQahd the north pole. In each
case verify that the sum of the three angles 5 between 180° and 540°.

wwrw.d b"""“lib’ﬂ"x{’ﬁgﬂfﬁngle:of problem 2.
2. The t.riangle; of problem 3.

3. The trigngle of problem 4.

4, The, i:ﬁaingle of problem 5.

B. “The’ triangle of problem 6.

ﬁ.}\The triangle of problem 7.

7 The triangle of problem 8.

N\ 8 The triangle of problem 9.
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CHAPTER VI
NAUTICAL ASTRONOMY

For centuries, people living in the northern latitudes have knowa
that the North Star appears to have a fixed position in the heavens.
From very early times, observations of the North Star have been
used to determine latitude and to fix directions on the earth. Mg
common knowledge that the stars appear to move across the sky
from east to west, and that each star appears to deseribe\a circle
around the North Star. Certain-stars are seen to rise and set each
day, and others are always observed to be above thé horizon. In
reality this daily motion of the stars is caused by\the-turning of the
earth on its axis. To an observer, however, it.seems that the earth
is fixed and that the rising and setting of the p@m\is&husadl:bﬁ@mtgdn
tion of the sky. AN

It was long believed that the earth whs stationary and that the
stars were fixed points on an immense'sphere, having the same center
as the earth, While it is now,knéivn that this sphere is purely
imaginary, it is convenicnt to séit for many problems of astronomy
and celestial navigation. The daily motion of the stars may be
explaived by a daily rota@m’ of this imaginary sphere; the stars and
planets may be located}m its surface by co-ordinates, just as points
on the earth are located by latitude and longitude.

The Celestial Sphere. The immense sphere on which the stars
appear to be Igghated is called the celestial sphere. T the polar axis
of the eartb\i:;f' in Figure 41 (page 60}, is extended, it intersects the
celestial sphérc in two points P and P/, P and P’ are the north and
south elestial poles. The North Star, or Polaris, is very near the
nofth eelestial pole. The celestial equator is a great circle of the celes-
tial¥phere midway between the celestial poles. The celestial equator
15 marked BE’ in Figure 41.

The point on the celestial sphere which is directly overhead is
called the zenith; the point diametrically opposite the zenith is called
the nadir. In Figure 41, ZA is the dimmeter of the celestial sphere
which joins zenith and nadir. Observers at different positions on
the earth will not have the same zenith. To fix the position of the
zenith for g given point ¢ on the earth, draw the radius of the earth,

. 59 :

X
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Ogq, and extend it to intersect the celestial sphere in point Z. Mid-
way between the zenith and nadir is a great circle called the celestial
horizon, NS in Figure 41.

If one were to move northward, the pole and zenith would become
nearer together, that is, the arc PZ in Figure 41 would decrease.
The angle between the equator and horizon, or are ES, would also
decrease. At the north pole, P would coincide with Z, and equator
and horizon would also coincide.
On the earth’s equator, P and N
would coincide, and the celestial
eguator would be perpendicular to
the horizon. For fouthern lati-
tudes the north ~pole, P, would
be below thehbrizon and the
south poley B would be elevated
above it.

Thesare ea on the earth is the
ohsetver’s latitude. The arc EZ,
ndedsured from the celestial equator
oAto the zenith, is equal to the ob-
Frgure 41. o server’s latitude.

™% Problems

1. Show that the 'a'n‘gljés of elevation of the pole, arc NP in Figure 41, is
the observer’s latituges, ™

2. Draw figuregilike Figure 41 for latitudes of 15° N. and 75° N. Indicate
the poles, celegt\ia.l ‘Bquator, zenith, and celestial horizon.

3. Repe;x(problem 2 for latitudes of 15° 8. and 75° &.

4, "4 drawing of the celestial sphere in which the zenith and north
pole goncide, that is, for latitude 90° N. :

8:3Draw a figure showing how the celestial sphere appears to an observer

- f)i}\the equator. '

£

Co-ordinates on the Celestial Sphere; Right Ascension and Dec-
lination. The stars appear to have fixed positions on the celestial
sphere, just as cities on the earth have a fixed latitude and longitude.
The planets, on the other hand, appear to move among the stars or
to change their co-ordinates, just as a moving ship on the carth
changes its latitude and longitude. In fact, the name planet méans
wanderer. The moon may be seen to change its position among the
stars. Observations of the moon on successive nights will show that
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its angular distances from the stars along its path change rapidly.
If the sun and stars could be observed at the same time, the sun
would also appear to ehange its position relative to the stars.

If the changing position of the sun were plotted on the celestial
sphere, its course would be found to be a great circle. This great
circle is called the ecliptic, and makes an angle of 23° 27 with the
equator. The sun moves eastward along the ecliptic and makes a
complete journey around if, in one
solar year or 365.2422 days. This
annual movement of the sun around
the ecliptic is, of course, distinct
from its daily rising and setting.
The sun has two motions; each day
1t moves from eagt fo west across
the sky as the celestial sphere makes
a rotation, each year it completes
one circuit of the ecliptic. The
equator and the ecliptic intersect in
two points, A and B, in Figure 42. :
The sun crosses the- equator at‘ o\ FiauRE 42
point A, in a north-bound directiom,) ™
ahout March 21; it crosses the eqator again at B, in'a south-bound
direction, about September 24, “Point A is called the first point of
Aries or the vernal equinoz,. Point Bis the autumnal equinox.

- .- Stars have a co.—ordi:@tth@'ﬁystem which corresponds. closely 'fo lati-
tude. and. longitude on fhe earth. The celestidl ec-ordinate 001‘1'3-
sponding to latitude is called decinitivn. - Like latitude, dectination
is measured nort}:r\or south. from the ‘equator. ‘The declination of
all points on4He equator is 0° the north pole hias a declination of
90°N., or-3"00% the declination of the south pole is 90° 8., or
— 90°. «AY points of a given declination Yie on a small cirele parallel
to the“aquator. : : . .
he” celestial coordinate corresponding to longitude is called
Tight ascension. All the points on the half great circle or menf.han
PAP’, which is drawn through the vernal equinox, h&ve-a rlgl%t
ascension of 0° (Figure 42). Right ascension, unlike 10ng1:;ude, is
messured only eastward along the equator, from 0° to 360° It 1
also expressed in hours and minutes.

24 hours, or 24* = 360° 4 minutes, or 4= = 1°

1 hour, or I¢ = 15° 1 minute, or 1= = 15

: 1 second, or 1% = 15" . .
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In Figure 43 the small circle BB’ contains all the points of 60° N,
declination. The meridian PCP” is drawn so that the arc AC = 15°,
or 1%, The meridian PDP’ is drawn so that the arc ACED = 330°,
or 22%. The star 8; has a declination 60° N. and a right ascension of
0. The co-ordinates of the star S, are 60° N, and 1% The star §
~ has the co-ordinates 60° N. and 22"

For some purposes a co-ordinate called sidereal hour angle is used
in place of right ascension. Sidereal hour angle is measured westward

Ry

7} .

1. The star Vega\bas ‘a right
+ 38° 44’._ Dray 2 figure similar to Figure 43 and locate Vega by the inter-
section of Us weridian and declination circle.

2, Repeakproblem 1 for the following stars:

\J Star
QO

N Mizar
O Capella

) ) Poilux

Regulug
Altair
Antarey
Sirfus
Rigel

3. Plot the positions of

P'

along the equator, and is“ysually
expressed in degrees apfl minutes,
not in hours and mingtes.

One advantage of.the co-ordinates
right sscension fa.hd declination is
that these ep-ordinates are nearly
constant for\the stars. The right
ascensionand deelination of the
sun, .moon, and planets change.

jin Right” ascension and declination

Jare”tabulated for the use of the

{havigator in the American Nawbical

N " Almanac, published yearly by the

United States Naval Observatory.

Problems .
agcension of 18h 352 apd s declination of

Bight Ascension  Declination

h m o ]
13 22 455 13
512 + 45 58
7 42 428 10
10 05 +12 15
19 48 +8 43
16 26 — 2 18
6 43 - 16 38
5 I2 — 8 18

the stars given in problem 2 on 2 sheet of rectangn-

}:x graph_paper. L.et the X axis represent the equator, and mark off the
fClll_.I’S o'f right ageension at equaL! intervals along it; number the hours, 0 to 24,
rom might to left. Matk the right side of the map west, and the left side
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egst. Draw the meridians perpendicular to the equator, and use a scale so
that 15° of declination has the same length as 1* of right ascension.

4. Plot the stars of problem 2 on a map centered on the north pole, From
the north pole as a center, draw equally spaced circles to represent the circles
of declination. Draw radii from the pole, at intervals of 15° to represent
the meridians. Number the meridians counterclockwise from Ot to 23"

Star Maps. Maps of the celestial sphere may be made in the
same way as maps of the earth. In problems 3 and 4 of the last
seetion, two kinds of star maps were made. One had the north poley
as eenter; on the other the meridians and circles of declination
were represented by straight lines. The same difficulties ocogr-ii
making star maps a¢ in making maps of the earth. It is inevitable
that distances and directions are distorted. In the map of groblem 3,
for example, the lines representing the circles of declipation are too
long. In the map of problem 4, the distances alohg the meridians
are correct, but the distances along the circles leeclina_tion are not.

In star maps of the type constructed in problem 3, the right side
of the map is the west side. This map ran}WPlﬂ@ﬁ@Liﬁbi;t%?T In
position by [acing south and holding it gvepthe head; this makes the
right ascension lines point to the poleay and brings the east and west
sides of the map in their proper position. The map of problem 4
should also be held over the headi® '

Tn orienting a star map, ipignecessary to determine which one of
the right ascension lineg cdjn%ides with the observer’s meridian. At
some time during the tienty-four hours of the day each one of the
right ascension lings “poincides with the celestial meridian of any
given place. The edsiest method of finding the right ascension of
the meridian i§’by using a small star map known as a planisphere.
The planis {o¥s is similar to the polar map of problem 4, bub it is
arranged:§o'that the time of day may be set opposite the date. This
deterpiines the right ascension of the meridian mechanically.

< }?n “4pproximate method for finding the right ascension of the
ob§érver’s meridian is as follows: _

Multiply the number of months gince September 21 by

two and add to the number of hours since midnight.

_Ezample 1. Find the right ascension of the meridian for 10 : 00 r.a.
time on August 11. 15 0 pas. = 22 hours since midnight.

Hept. 21 to Aug- 11 = 10.7 months.
107 X 2+ 22 = 434 hours.

. 2. i idien |
Since 4.4 is more than 24, the right ascension of the meridian is 4
19.4 hours approximately.

local

34— 24=
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Ezample 2. Find the right ascension of the meridian for 4 : g0 AM, loeg]

time on Decernber 31,

4: 00 A = 4 hours since midnight.
Sept. 21 to Dec. 31 = 3.3 months.
3.3 X2+ 4 =106 hours approximataly,

This method is approximate only but is sufficiently accurate for

orienting a star map.,

In using this rule, standard time should be

used and not daylight saving or war time.

Q.

) Problems . _
/ 1. Find the approximate right aseension of the meridiap\( o109 : 00 2.

local time for the fizst of each month,

\

V'2. Find the spproximate right ascension of the meridién for the fifteenth
of each month at 3 : 00 4., Iocal time. .,

Plot the positions of the mogn for January,.l‘géié, on a star map, Use
the moon’s right ascension and declination for perd hours (midnight) Green-

Plot the position of the planet; Yénﬁs for 1943,
and declination for the first and fitteenth of each month.

Pages 138-141,)

1
Declination and Hﬁ‘ur Angle;

{8/ Repeat problem 5 for ﬂjé‘ﬁlﬁnet Mars,
.} A '

Use the right ascension
{¥ewtical Almanac,

(Nautical Abmanac, pages 142

the Second Co-ordinate System.

The co-ordinates ¥ipht ascension and declination have two advantages. .

Frouvrx 44,

crosses the loga] meridi'an PZP,

carried around the pole in g cirgle,

They are independent of the place
of observation, and they are nearly _
constant for the stars. On the

other band, the hours of right
ascension are not directly con-
nected with hours of time. For

. some probloms it iz convenient

to use a co-ordinate called howr
angle in place of right ascension.

Figure 44 represents the celestial
sphere; P and P’ are the poles,
EE’ the equator, NS the celestisl
horizon, and Z the zenith. At
some time each day any given star
During the day the star will be

For example, if the star has a



HOUR ANGLE AND TIME 65

Jeclination of 70° N., 1t will deseribe a circle, BB’ in Figure 44,
which is 20° from the pole.

When the star crosses the are of the meridian which eontains the
genith, it is said to be making an upper transit. B, in Figure 44,
shows the star at upper transit. When the star crosses PNE, it is
said to be making a lower fransit. B’ shows the star at lower transit.
For all localities in the United States, hoth the upper and lower
transits of a star of declination 70° N. are above the horizon NS.
For certain stars only the upper transit is above the horizon. For ’
ottier stars, both upper and lower transits are below the horizon,

. . . . 2 N
~ The time between two successive UPDET transits of a star is aboub
four minutes less than twenty-four hours. Ao

The angle between the meridian of the place of obserxation and
the meridian through the star is called the star’s houf angle. The
bour angle of a star at upper transit is 0°, and af lower transit its .
hour angle is 180°. When the hour angle of the sun is 0°, it is noon
by the sun or local apparent noon. Unlike ﬁg:}?‘ascension, the hour
angle is measured westward, Suppose sta it prbti EBprestoin
the meridian, in Figure 44; its hour,a.ﬁglé js angle EPD, or the
arec ED along the equator. When a,s‘;a:f’ is 15° east of the meridian,
its hour angle is 345°. Stars may'be located on the surface of the
celestial sphere by hour angle and ‘declination. The hour angle, of
course, varies with time; hence this co-ordinate system fixes the
position of a star for a Q@n‘"time only.

N Problems

A/ .
In each of the fgllowing problems draw a figure to Tepresent the celestial
sphere. Locﬁ%@ gtar from the given co-ordinates. Mark off the hour

angle on thgregiiator and the declination on a meridian.
A\ Hour Angle  Declination
1, ¢ \ ’ 0° + 10°
) 330° -2
180° 0°
135° +30°
270° + 60°
210° + 20°
45° - 15°

Hour Angle and Time, The Greenwich hour angle of a star is. its
hour angle measured from the meridian of Greenwich. -The American
Nautical Almanae and the American Adr Almanac give the (reen-
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wich hour angle (G. H. A.) of the sun, the moon, Venus, Mars,
Jupiter, Saturn, and 55 of the brighter stars. The G. H. A. is tahu-
lated for frequent intervals of time, and special tables arc given to
aid in interpolation.

The sun’s hour angle is a natural measure of time, one hour of time
corresponding to a change of 15° in the hour angle. Noon by the
sun, or local apparent noon, is the time when the sun reaches s
greatest angle of elevation and has an hour angle of 0°, Suppose one
observed the sun on the meridian of Greenwich and noted the'Green-
wich standard time at which the sun reached its greatesh, altitude
above the horizon. The sun would not reach its highgst“point at
exactly twelve noon by the Greenwich clock and the intérval between
two suceessive noons by the sun would not be exaeﬁlj'% clock hours,
For example, on April 1, 1943, the sun at CGréenwich reaches its
highest altitude at 12 : 04:07.5 e.m.; on Apnil 2, 1943, the highest
altitude occurs at 12 : 03 1 48.5. The irregularity of the sun’s motion
is due to two causes i the sun moves along ke ecliptic instead of on the
equator;” 3nd 46X %'aff&a%gfo%lgastwafd along the ecliptic is not the
seme for all times of the year. D
To explain the standard timeldh ordinary use, it is necessary to
vent 3 “fictitious sun,” whieh is called the mean sun. The mean
sun is assumed to travel aroind the equator at a constant rate equal
to the average rate of(the real sun. The standard time of any

meridian corresponds™fo the hour angle of the mean sun measured
from that meridian Thus:

oo~Hour Angle Time
C \ 180° 0t  Midnight
723 arne 6" 6:00a.M.
\.X“ } 360° or 0: 122 Noon
K 90 18% 6 :00 p.u.
AN 180° 248 Midnight

) Stand_ard time may be based on any meridian. The standard times
used in the United States and their meridians are: Eastern, 75° W.;
Gentral, 90°W.; Mountein, 105° W.; and Pacifis, 120° W, The
War Times now in use and their meridians are Eastern, 60° W.; Cen-
tral, 75°W.; Mountain, 90° W.; Pacific, 105°W. Data in the
N autical Almanac and Ay Almanac are tabulated for Greenwich Civil
sze. (G C.T.), which is the standard time of the 0° meridian.
In using one of these almanaes, it is necessary to find the G. C. T. .
which corresponds to the standard time of some other meridian.
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The system of time keeping used in the United States Navy
extends the principle of standard time to the entire globe. The
Navy uses twenty-four time zones as shown in Figure 45, The ship
time in any zone is the standard time of the mid-meridian of the zone.
The numbers in each zone show the pumber of hours to be added to
sone time to obtain G.C.T. In zome - 7, between longitude
97°30' E. and 112° 30’ E., a ship keeps the standard time of the
meridian of 105° E. To change ship time in this zome to G.C. T.
subtract 7 hours. N

7\ °
\“ 3 . 1650 1800 i65
Figurs 45. (After Dutton,)

“Egtmple 1. Find the G.C.T. snd date corresponding to 9 :30 P
B . W.T., January 27, 1943. :

EW.T. g:30 PM.
Zone Time 21t 30~ Japuary 27
Zone - 4k
260 30
G.C.T. 1+ 30m January 28

Eotiee in, this example that the Greenwich date is later than the B w. T
ate.



68 NAUTICAL ASTRONOMY

Ezample 2. Find the G. C. T. and date corresponding to 82 Q0= Fep, 3,
1943, Zone - 10,

Zone Time 8 pQ= February 3
Zone = 10% Q0
G.C. T. . 22b (= February 2

In this example, the Greenwich date is earlier than the local date, sincs
8002 — 100 00m = — 28 QOm op 22500 of the previous day. In other
examples the local date and the Greenwich date may be the same.
N
West A o
0° ¢ \\

90°E

N 180°
4 "\ W
’\\ Wednesdayf West, Thursday
Wednesday 22 Thursday
AN Fiaurs 46,

al
.

\ .

N\ The 12-hour zone in Figure 45 is divided into two parts, + 12
and — 12, Between 172° 80" W. and 180°, the local time is 12 hours
slower than G, C, T.; between 172° 30’ B, and 180° the local time is
twelve [-10}11'8 faster than G. . T, The date must be changed when

: j;he mendla}n of 180° is crogsed. The reason for this change of date
is show:n I Figure 46, Suppose it is 5b00m op January 28 ab
Greenwich; west of Greenwich the loeal time jg earlier, and hence
at 180° the local time would be 175 ogm January 27, East of
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Greenwich the local time is ahead of G. C.T., and hence at 180° it
would be 172 00= January 28.

Problems

1, Find the G. C. T. and date corresponding to the following focal times
and dates. _
(a) 11:00 p.M. E. wW. T., Jan, 27
(® 10:00 am. P.8. T, Jan, 29
(c) 12:00 m. C. 8. T, Feb. 14
(d) 4:00 am. E.8. T, Mar. 22

(© 7:30rm. C.W. T, Mar. 25 -2
() 5:30 am. P.W.T, April 3 "\

(¢) 9:30 . M. 8. T, April 17 by

(h) 11:30 am. M.W. T, April 21 P\ 3

2. Find the G. C. T. and date corresponding to the follegitg:
() 10» 00™, Jan. 3, Zone + 4 \
() 2 00=, Peb. 19, Zone — 6 7\
(¢} 2»00™, Mar. 3, Zone + JN’Ww,dbraqubrary,org,in
(d) 3= 00, April 16, Zone’™ i
(e) 1700, May 23, Zgne — 12
() 1700, May 29, Zene + 8.
{g) 15" 00>, Jung 1, Zone — 9

Altitude and Azimuth; the{Third Co-ordinate System. The first
eo-ordinate system considérdd was right ascension and declination;
the second was hour a.?zg\e. and declination. The system of right
ascension and declingtibn is independent of the place of observation,
50 that these co-ordinates may be used in making star maps. The
hour angle wag/found to be a means of measuring time. The co-
ordinates, ¥ight ascension, declination, and bour angle cannot be
measuredﬁﬂi\rectly by an observer.

'Th‘?'CO;brdina.tes which an observer might determine for himself
ax¢ the’angle of elevation of a star and its bearing of direction. In
astfnomy and navigation the angle of elevation of a star is called
its altitude. The direction or bearing of the star is called its azémuth.
Agimuth, like bearing on the earth, is measured from 0° to 360° —
north, 0°; east, 90°; south, 180°; west, 270°. o

Figure 47 represents the celestial sphere; PZS, the meridian; Z,
the zenith; and N, E, S, and W, the north, east, south, and west
points of the horizon. Altitude s messured from 0° on the horizon
t0 90° at the zenith. A star below the horizon has a negative alti-
tude. Stars of equal altitude lie on & omall circle, which is parallel
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to the horizon. AA’ in Figure 47 contains all points which have gan
altitude of 60°. The points on the are ZPN are due north or have
7 an azimuth of 0°, I

great circle arcs ane
drawn from Z to E, §,
and W, then all points
on ZE have an azimuth
of 90°% all points on
Z8 an azimuth of180°,
ete. The azimith mey
be regardéd" either s
an angle\‘at Z or as
an arfpof the horizon,
measured from N in an

eastward direction.
o 47 o In Figure 47 the alti-
fude and &?Rﬁl&tﬂ jb?‘i;rg;(hgrgf?ﬁlr p OII}t'?\ A” B” A" and B are as

follows:" ™" P\
Point Altitude | Azimuth
A’ 60°, arc NAL® 0°
B’ 60°, arcHB’ 90°, arc NE
A 60° araBA 180°, are NES
B 6({, arc WB 270° arc NESW
\\ - Problems
On & separate &heet of paper complete the following statements:

1. The distahite of a star from the equator is _____. ; from the celestial
horizon is ey,

2. Dedlination is 0° on the ______ i +90° at the _.____ — 90° at
the ;c’%—i. Altitude is 0° on the ______ ; +90° at the . .___ ; — 90 at
thed S ...

()3, Stars of equal altitude lieona ._____ parallel to the ....__. Stars
\ Jof equal declination licon a ______ parallel to the ____,_, ]

4. A starisat upper transit when it crosges the great circle are contain-

-ing the poles and - the _____ A star is at lower transit when it crosses the

great circle are containing the poles and the
5. The local hour an

gle of a star is the angle between the logal meridian

and the ______. Ab upper transit the hour angle = ._____, At Jower
transit the hour angle = ______
6. Btars that have hour angles between 0° and 180° are ._.._. of the

local meridian, Stars that

: have hour angles between 180° and 360° are
Y e of the local meridian. :



THE ASTRONOMIC TRIANGLE 71

7. Right ascension is the angle between the meridian through the star,

and the meridian through the ... ... It is measured -..... from 0° to
360°, or from .. -- 10+ SR,

8. Aszimuth is the angle between the great circle through the zenith and
north pole, and the great circle through the —_____. Azimuth is measured
from 0°to _____. through ______.

9. The right ascension of the sun changes 360° or 245 in one _._.__.
The right ascension of the moon changes 360° or 24% in about - .... days.

10. Teil what co-ordinates of a star vary with time? with the place of,\
cbservation?

11. What co-ordinates are used for star maps? Why are these 6o~
ordinates used? \

12. Why do star maps not show the sun, moon, and planets? | >

The Astronomic Triangle. Most of the problems i in, oelestlal navi-
gation are concerned with soly- o)

ing 2 spherical triangle. This
iz the triangle formed on the
celestial sphere by the pole, the
observer’s zenith, and a given
star. In Figure 48 the triangle
PZ8, is formed by the north pole, i}
P, the observer’s zenith, Z, and\
a star, 8. The great circle ER’
is the equator, and NS, is. the
horizon. The sides of Jgtnangle

are easily related toh\yarous co-
ordinates. o™ - Fweuns 48.

AX
EZ = observer’s latitude, I, PZ = 90°— L
§1= star’s declination,d P8 = 90° ~ d
star’s altitude, k BZ =90"—F
South latlﬁudes and declinations are considered negative, so the ex-
Préssions for sides of the triangle are true for all Iatitudes and declina-
Siony
In Figure 48 the star is west of the meridian, and the angle ?PSl =
the star’s local hour angle. When a star is east of the meridian, ﬂ:fe
angle ZP8; would be 360 minus the local hour angle. If angle P is
denoted by ¢ and the local hour angle by 1. H. A., then,

angle P = ¢ = L. H. A, or 360 — L. L. A.

In this figure the azimuth is the arc NSB of the horizon or the cor-
responding angle at Z; and angle PZS;, or angle Z in this triangle, is




N
& %

)" Example 1. Using the Nautical Almanac, find the values of angle ¢ and
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360° minus the azimuth, When the star is’east of the meridian, they
angle Z in the triangle equals the azimuth. Hence, if the azimuth i
denoted by Z,, then

angle Z =Z,, or 360 — Z,
The relations between the sides and angles of the astronomic tri-
angle and the celestial co-ordinates may be summarized:

PZ = 90° — Iatitude = 90° — L, south Iatitudes negative
Z8; = 90° — altitude = 90° — &
P81 = 90° — declination = 90° — d, south declinations negative
For a star west of the meridian: ' O '
angle ZP8, = { = local hour angle = L. I;I;Z’A.
angle PZS, = 360 — azimuth = 360° 02,
L
For a star east of the meridian: *)

angle ZPS; = ¢ = 360 — local hour apglq = 360° — L. H. A.

| = goi =
angle E25: Tndmuth = Z,

Angle Z8,P is not involved in the prpbjéms of celestial navigation.

S

The astronomie triangle corresporids exactly to a triangle on the
earth, formed by the pole of thelearth, the point of observation, and
the point directly underneath. the star. There are many problems
in which it is required to.solve the astronomic triangle. We shall
learn in the next chapter'that the main problem in celestial navigs-
tion is to compute tlie'altitude and azimuth from the latitude, declins-
tion, and hour an corresponding to & given timeand place. - This
problem may-be” solved by the haversine and sine formulas of
Chapter V.o\™ - .. e e i

Declindfion and G. H.'A. are given in-the Nawtical Almanac and
Air Abmanac at frequent intervals of G. C. T. From the G. H. A.

oneimby find either the L. H. A. or 360 — L. H. A., that is, angle { 0
the triangle.

the declinations for the stars Aldebaran Capella, and Regul ° 37’ N.
; . gulus at 40 '
92° 38’ W, for February 25, 1943, 8t 10: 32 : 45 pm. C. 8. T.,

C.8.T. 10:32:45p,u.

Zone time 220 30m 450

Zone gn

G.CT. 4 320 458, February 26

The G.H. A, and declinations are found in the 1943 Nawtical Almanat
under “Stars, February, 1943 Pages 170-173. The stars are listed in the
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order of right ascension. Under the name of each star is found its right
ascension, its declination, and the time it transits the meridian of Greenwich
on the first of the month, For each star the G. H. A. is given for ° G. C. T.
for each day of the month. The numbers in parentheses below refer to
pages in the Naulical Almanac.

Aldebaran Capella Regulus
Declination 16°24' (170) + 45°56° (170) + 12715 (171)
G.H.A O Feb.26  86°48.4(170) 76° 50°.9 (171) 3°37.8(1MN)
Corr. for 4b 32= B8° 11°.2 (214)  68°11.2(214)  68°11'.2 (214)
Corr. for 45* 11,3 (214) 11°.3 (214} 11'.3 (214)
G.H. A. for 48320 45° 155° 11 145° 13 72° 00° p .“\
Longitude 02° 36’ 92° 36/ 92° 36" N
62° 35" west 52° 37 west 20° 36"east

The stars Aldebaran and Capella are west of the‘irieridian of
92°36'. The answer of 20°36' for Regulus 1’ of course
360° — L. H. A., since the star is east of the meridian. In order
to avoid errors in finding the angle I, diagra.nxss’é@ﬂewht'mmﬁgm‘é&,m
should always be drawn. DAY,

The three diagrams in Figure 49 show, how the longitude and the
G.H. A. are combined to find angle & "These diagrams represent
the angles plotted on the equator ag they would appear if viewed from
the south. In each case draw the'vertical diameter Mpm; Mp being
the local meridian of 92° 36’ W, Draw the line Gpg making angle
MpG = 92° 36, so that, p@ répresents the meridian of Greenwich,
The star’s G. H. A. iaJa off to the westward of pG. Angle £ in
each case is the anglék pM. It is obvious from the figures when
angle £ is west andwhen it is east of pM.

O
Wes&' "/ West West
o P amm— T
M M M
*
* LR [+ ¢
[ GHA.
p ™, ¢
G id G P G
m m

ALDEBARAN CAPELLA REGULUS
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Example 2. Find angle ¢ and the declination of the sun for 15°23'g
44° 48’ E. at 15" 45~ 37= zone time on March 11, 1943 (see Figure 50).
Zone time 15 45m 372

")

Zone — 3
G.C. T. 12b 45= 37e, March 11
“The Sun for March 11" is page 10 in the Nautical Almanac, and the “Cor-
West rection Table for the G. H. A.” is page 12. The
_.,—-—&;-__,_ sun’s declination is — 3° 56’; found by inspection
GHA on page 10 between the tabulated valied for 1%
B\ G . and 14b, O\
e 7'\ v
' N G. H. A. for 12 3579955 (10)
. Corr. for 45w 1150 (12)
Corr. for 37+ SO 093 (12)
O\ 368° 507
§ G.H.A. 8° 50’
m Longitude 5\ 44°48’
Froure 50, (™ 53° 38’ west

www.dbraulibrary.org.in )

Examples of finding G. H. AJs'fér the moon and the planets are
given in the 1943 Nautical Abmanac on pages 304-305. In the Air
Almanac the G. H. A. andcdétlination are tabulated at en-mminute
intervals for the sun, moos, and planets. The G. H. A. of a star i
found from the star's-&ideresl hour angle and the tabulated value of
the G. H. A. of the vental equinoz, or first point of Aries, TheG.H.A.
of the first point'of. Aries is indicated by the symbol G. H. A. .

Ezample 8., Fitd the G IL A. of the Sun, Mars, and Moon for 4b 272 32°

- C. T. November 13, 1942, using the dir Almanas for September—Decemn-
ber, 1942 :

N\ Sun Mars Moon
- G HA for 44 20m (g33) 2u8°56' 261018 182050
Gorn: for 7= 325 (inside front cover) - 1°53 1° 53 149
(Beditional corr. for Moon (633) -1
NG, H. A, W0°8  TFF Iy IBE Y

Declination (§33)

— 170 47 —13°41" — 18° 30/
Ezample £. Find th

e G H. A. and declination of the stars Antares and

Canopus for 45 27m g0 G5 C.T., November 13, 1942 (see Figure 51).

HOPUS
G. H. A. % for 4 30m (533) e T
Corr. for 7= 32+ (inside front cover) 1° 53 1053
Sidereal H. A. of star (inside back cover) 113° 32 264° 20/
G.H. A. of star 232° 04/ T
Declination {inside back cover) — 26° 18 — 52040



THE ASTRONOMIC TRIANGLE 75

West Wast
Ap-_'-‘-h.‘ #_,__h“‘
G G H.A

GHAT

g
ANTARES CANOPUS O\
Fraure 51, N

Problems N

1. Find the values of angle {, which correspond to G. H. Adslef 10° 15,
975° 49', 110° 277, 235° 29/, 342° 25/, for the following longitildes:
@ 15718 W.: () 135°42 E.; (c) 175°43' W.; (). 9818 E.

N .
2, Find the values of angle £, which correspond.m@i\ﬁdmﬂftﬁh?y@:’-g.in
43° 2, 286° 24, 135° 49, 93° 23, for longitudesn
(@) T4°00' W.; (&) T4°00'E.; (c) 145°33 By (d) 145° 33" W.

8. Using the Noautical Almanac for 1943;’ﬁf1d the G H. A, angle ¢, and
declination of the stars Dubhe, Regulug,énd Spica:

(¢) Fora point in longitude 110° 23" . at 3» 40= 27° zons time, January 15
(pages 166-169). A

{6) For a point in longitude 127\ 49" W. at 218 20= 33¢ zone time, April 14
(pages 178-181). L\

4. Using the Nautscah Almanae for 1943, find the G. H. A,, angle & and
declination of the star®\Vegs, Deneb, and Formalhaut:

(@) For a poin {wlongitude 96° 43’ W. at 4* 15™ §5° zone time, July 5.

() Fors pg\'\u{i}n'longitude 89° 33 E. at 22% 04= 19* zono time, October 6.

Star Mapg\ Bibliography
v TIZ»Q Ster Ezplorer, Junior Astronomy Club, Hayden Planetarium, New
OTK, .
- Illyne’s Star Chart, Weems System of Navigation, Annapolis, Maryland.
Outline Star Charts of the Northern and Southern Hemispheres, Rand Me-
Nally & Co., Chicago.
Star Maps from Duncan’s Astronomy, Harper & Bros., New Ym:k. ]
Rude St Finder and Identifier (with Hydrographic Office Modifications),
, U.8. Hydrographic Office.
Nauticaj Ast?‘cmamy:
Duiton, Chapter VIII; Bowditch, Chapter VII; Lyon, Chapter X.
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Time:

The Nautical Albmanac; the Adr Almanac;
Chapter IX; Lyon, Chapter X,

{The American Noutical Almana is published for each year in advane
by the Uhited States Naval Observato

ty. The American Air Almanae aly
Is published by the United States Naval Observatory; each volume coven
a period of four months.)

General Referencea: I\
Bartky, Highlights of Astronomy, University of Chicago Pross.

Bernhard, Bennett, Rice, New Handbook of the Heavens, MéGraw Hill,
New York, N\

Barton and Joseph, Starcraft, McGraw Hill, New York, \ \
A\ 3

Dutton, Chapter XII; Bowditeh,
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CHAPTER VII
CELESTIAL NAVIGATION; THE SUMNER LINE

From time immemorial observations of the stars have been used to
determine directions and to aid in finding position on the earth.
History records many early navigators who used celestial navigation,
The methods and instruments used in modern celestial navigasion
are, however, of comparatively recent development. Colylljlliﬁs Te-
lied principally on dead reckoning but used the North Star' to tell
the time at night, to check the variation of the compgs'é,’and o find
hig latitude. The early Polynesian navigators safledMor thousands

of miles across the Pacific and fixed their courses§y the stars.
. swrw . dbraulibrary .org.in

Kupé, the first Polynesian discoverer of New'}&ealand, who is said fgo
have lived about the thirteenth or fourteenthi Bzehtury, gave to succeeding
expeditions from Tahiti very particular sailing directions, that they should
steer always a little to the right of the plice where the Sun, Moon, and
Venus all seb at the beginning of the hat Season.

T. R. 81. JOENSTON in Tslanders of the Pacific

7

~&N
The early Hawailans s i{éd ‘o Tahiti, a distance of more than 2300
nsutical miles. The ret%n voyage was directed to the eastward of
ﬂawaﬁ, and the proge’r»’bime to turn west was determined by observ-
ing the Pole Star(tmitil it had an altitude equal to the latitude of
Hawaii. S O :

The devglﬁuﬁent of modern precise navigation is due in no small
part to the'work of the self-taught American, Nathaniel Bowditeh.
In lZQS,ﬁBowditch went t0 sea, as SUDETCATZD On & vessel engaged In
the, China, trade. He devoted the leisure which this position gave
him %o the study of navigation and the correction of the existing
m&{luai of navigation. The American Practical Navigator, published
at intervals by the United States Hydrographic Office, bears on its
title page the statement, “originally by Nathaniel Bowditch, LL.D,”
and is universally known simply as Bowdztch.

Before 1761 the determination of longitude at sea was very difficult
because time pieces were not sufficiently accurate to be reliable on a
long voyage. The British Government offered large rewards for an
acourate clock, or chronometer, suited o the purposes of navigation.

77 .
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5 ‘
Nl

“\,f:'o Freure 52, )

\\Tﬁe first chronometer Suitable for finding the longitude at sea Wﬂ?
invented by John Harrison in 176]. Harrison received a reward o
£20,000 from the British Government,

The altitudes of the Sun and stars are measyred by an instrument .
called the sextgnt, The sexiant measures the angle subtended at. the
observer's eye by distans objects. The neme sextant is denve.d.

' arc on the instrument, 60°, The 9“,‘“”.; s
similar to the sextant except that it has an arc of 45°. The principle
of meaguring angles by reflection, which s used in the sextant, was
first applied by the.Eﬂglishman, Hadley, and an American, Godfrey;
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shout 1730. The sextant or octant replaced an earlier instrument,
the astrolabe, which was used for measuring altitudes. The name
astrolabe means “to take a gtar.” Finding the altitude of the sun or
s star is called “shooting”’ the sun or gtar.
Measurement and Correction of Observed Altitudes. The essen-

tial parts of the marine sexiant are shown in Figure 52:

A is the are, or Ximb, graduated from 0° to 120°.

1 is the movable index arm, which is mounted to swing about

the center of the are, A. :

M, is a mirror, called the index glass; it is mounted on the  °

Y

index arm and is perpendicular to the plane of the are. ¢\
M, is the horizon glass. Its plane is also perpendicular ’90\:\

the arc, A. The right half of the hotizon glass is a mirtek,

the left half is clear glass. <

T is a telescope directed to the horizon glass. Tl axis of

the telescope is parallel to the plane of the are.s .

Sextants are provided with dark glasses for use in bo]:»selljving the
sm. 'To measure the sun’s altitude, the sextant & e'lau"lggﬁwlfﬁg'm
and the horizon, H, is viewed through . _
the telescope in the line TH. The index “ |\~ N W - W
arm is turned until the reflected ,imﬁgé :
of the sun appears tangent to the-Jiorizon
a5 shown in Figure 53. Thelfun’s alti- %

tude above the horizon is afigle & in Fig-
we 52. The angle through which the
index mirror has been{turned is angle 6.
The arc is 60° in leugth, but the scale is K .
doubled so thatpthe angle read is 2¢. |3 NRNENE
The prmciple\i)f‘f-he gextant is that Clear Mirror

. :an\gle h = 2angle a. FiounE 53

Wl}enja;\ééxtant is in perfect adjustment, the line from M; to 0° on
thé‘aye, is parallel to the horizon glass; that is, the line

M,0° is parallel to M:B

and henee
angle ¢ = angle b. _

When light strikes a mirror and is reflected, the ray that strikes the

mirror and the reflected ray make equal angles with he perpendicular

to the mirror (i.e., the angle of incidence equals the angle of reflection).

In Figure 52 :

angle z = angle ¥’ angle y = angle .
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It follows from geometry, that %, the required altitude, equals
whieh is the angle read from the are, for
in triangle TMiM: & = (z + %) — (y + ¢)

=2z — 2y )

in triangle MiM,B b = 180° ~ (90° + y) < (00° — 2/)
=z —y O\

henee’ h=2% \

Bince =a h=2q

Sextant altitudes must be copgected for an inder error. T
error is most accurately deterrhined by making the direet and
flected Images of a star coidelds. If the angle reads zero, when
two images coincide, there ' no index error ; if the reading is 1
the left of zero on the d15; then one degree must be subtracted f
all altitudes, Tf the&oading is 1° to the right, then one degree n
be added to all alfighdes. The navigator uses the following rul
tell when to adg arid subtract index error:

Www'dbta~}"}ifhl'ar3ii;?§%;1? it’s off; if it’s off, it’s on.

Index etror i:nay also he determined by making the direct and reflec
images\of the horizon coincide, |

@n’ land, altitudes of the sun and stars may be observed Wlt
. surveying transit, if the altitu
are not greater than 45° Inst
ment companies supply sun glas
for use with a transit. Wher
transit is used to ohserve star a
tudes, the eross wires must be i
minated. ‘This may be done
directing the light of a small fla
light down the telescope, in SLIG.}
way as not to obstruct the visi
The transit should first be focu:
J on a distant object.

'The marine sextant is used wh
a perfect ses horizon is availal
. Bubble sextanis have been develor
which eliminate the necessity for sighting the sea horizon. Tt
are particularly suited for eria] navigation.

ThA number of corrections must he applied to observed altitud

e

3¢ corrections are tabulated in the A7, autical Almanac and the 4
Almanae and are ¢asy to apply in practice,

[

Courtesy Lafayetty Instruments
Using T8 Maring BEXTANT,
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It follows from geometry, that k, the required altitude, equals 24,
which is the angle read from the arc, for
in triangle TMM. %2 = (z + 3" — (y + ¢

=2z — 2y

in triangle MMB b = 180° — (80° + )} — (80° — z')
= z! —_— y

hence h=2b

Since : b=aqh=2¢g

Sextant altitudes must be corrected for an indexr error. Index
error is most accurately determined by making the direct andsYe-
flected images of a star eoincide. If the angle reads zero, wheh the
two Images coincide, there is no index error; if the reading is 1° to
the left of zero on the are, then one degree must be sibtracted from
all altitudes. If the reading is 1° o the right, then‘ghe degree must
be added to all altitudes. The navigator uses ‘tha following rule to
tell when to add and subtract index error:

www.dbraulibrary.org.in =~ AN
If 1t’s on, 1t's off; if it’s p@, it’s on.
Index error may also be determined by Ihakxmg the direct and reflected
images of the horizon coincide. 4+

On land, altitudes of the surg;é,ﬁd stars may be observed with a
j:’. surveying transit, if the altitudes
" are not greater than 45°. Instru-
ment companies supply sun glasses
for use with a transit. When &
transit is used to observe star alti- -
tudeg, the cross wires must be illu-
minated. This may be donc by
directing the light of a small flash-
light down the telescope, in such a
way as not to obstruct the vision.
The transit should first be focused
o ,{ on a distant object.

Courtery Lofayelte Instruments The marine sextant is used when

Using THE MaRINE SExtant, 8 perfect sea horizon is available.

Bubble sextants have been developed
which eliminate the necessity for sighting the sea horizon. They
are particularly suited for aerial navigation.

A number of corrections must he applied to observed altitudes.
These corrections are tabulated in the A, autical Atmanae and the 4dr
Almanac and are easy to apply in practice.
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(1) Index Error. The index error of a sextant, which has just
been discussed, must be determined frequently end applied fo all
altitudes measured with the sextant. .

(9) Dip or Height of Bye. This is a correction applied only to
altitudes measured from the visible sea horizon; it does not apply
to altitudes measured with the bubble sextant or transit. The line of
sight toward the horizon is below the horizontal, hence the angle
observed is too large. Corrections for dip are always subtracted.
Corrections for varicus heights of eye are given in Table C, page
205, in the Nautical Almanac, and on the back cover of the Adr
Almanac. RAY

(3) Semidiameter. In Figure 52, the altitude of the sun’éJower
edge was observed. This altitude must be corrected 0 obtain the
altitude of the sun’s center. Corrections for gemidiarpétgr are com-
bined with corrections for refraction and parallax: XWhen a bubble
sextant is used, the center of the sun or moon is brotght into eoinei-
dence with the bubble, and there is no semnidiameber sorEaeiony , orht
lower edge of the sun or moon is called thg‘ﬁ'ber limb.

(4} Refraction and Parallaz. The “hehding” or refraction of light
by the earth’s atmosphere causes tl}éjétars to appear higher than

ON

TABLE 1
- CorrEcTIONS TO (OBSERVED iA}!;r:t‘lcmn:ms FroM THE  NAUTICAL Armanac”
Martge Sextant Bubble Sextant Transit
Algays correct for - Always correct for  No Index Error.
. Zindex error. index error. No Dip.

o Correet for Dip,  No Dip Correc-
s\~ Table C, page tion.

AN 295.
Sun’s Lower Limb  Table A, page 205. R Table A
Sun'y€ghter oo Table B, page 208, mmm-em
S‘{I’W Planet Tahle A or Table A or Table A or
Table B Table E Tahle £
Moon’s Lower Table D, pages TR Table D
Limb * 296-297.
Moon’s Upper TableD = ----- Table D
Limh t
Moon’s Centert  —----- TableF,page299,  ------

t5] parallax for the
{ esch page for the
the correction in

1In correcting altitudes of the moon, always find the horizon
date of observation. Horizontal parallax is given ab the bottom o
“Moon 1943, pages 40—131. Use the horisontal paraliax to find
Table D, E, or F. .

Q)
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they are. Theoretically, an altitude should be measured from the
center of the earth, instead of on its surface. Parallax is the differ-
ence between an altitude measured on the earth’s surface and the
same gltitude measured from the earth’s center. Parallax is small
except in the case of the moon. Corrections for refraction and
parallax are combined in a single table. For the sun and mocn,
corrections for semidiameter, refraction, and parallax are combined.
Table 1 (page 81) shows what tables from the Nautical Almanac
should be used for correctilg the various altitudes measured with
sextants or with a transit, R\,
Corrections for refraction and dip are given on the back cover of
the Air Almanae. The semidiameters of the sum™and moon are
given on the a.m. side of each daily sheet. C@rrections for the
moon’s parallax are also given on the a.n. side"(ﬁ‘each daily sheet.

Ezample 1. The sun’s lower limb and a gtalx\a‘re observed with & marine
sextant havingdhnaildbEas@rarin gor, The Beight of cye is 37 feet. The
altitude of the sun’s lower limb is 42° 384 end the star’s sltitude is 37° 42"
Find the corrected altitudes. \ o

-

Nautieal Almanae

Bun’s Lower Limb N\ Star
Index AN\~ 02 Index - 02
Dip 37 feet, Table G\ ~ g Dip -
Table A K 4w Table A o
Correction \ + 7 Correction - o
Observed Altitude~) 42° 36’ Observed Altitude 34
Obs. Alt, Corp\© 42° 437 Obs. Alt. Corr. 37° 33

(N
0" Air Almanac

Sun’s\Lower Limb Star
Index -0 Tndex — 07
~Dip, Back Cover — 08’ Dip, Back Cover — 06’
\\ Refraction, Back Cover Y Refraction, Back Cover — 0V
Semidiameter, Daily Sheet 1 16/ Correstion — 09

Correction + 7

Ezample 2. The altitude of the moon’s éenter, observed on Nov. 27, 1942,

with a bubble sextant, is 66° 18, The sextant has an index error of + 05"
Find the correeted altitude,

In the Nautical Almanac find the horizontal parallax for Nov. 27 at bottom
of bage 99. Use this vahye to obtain the correction from table F. In the
Air Almanae find the correction on the right side of page 661. '
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Nautical Almanac Air Almanoc
Horizontal Parallax 54’ (page 122)  Index + 05
Index Error + 05 Refraction, Back Cover 00’
Table ¥ 4+ a1’ _ Parallax (page 661) + 217
Correction + 26 Correction 26/
Observed Altitude  66° 18 Obs. Altitude 66° 18
Obe. Alt. Corr. 66 44/ Ohba. Alt. CorT, 66° 44
Problems
Correct the following altitudes.
Instrument Index Error  Obs. All.
1. Star Bubble Sextant — 05’ 29%32")
g, Sun’s Lower Limb Transit =~ =----- 35847
8. Mars Bubble Sextant 303 N1y
4. Jupiter Bubble Sextant ~ 08O 4505
5. Star Transit A @ 44° 18
6. Sun’s Lower Limb Bubble Sextant &I-&g ' 21° 19
raul

W ibr i
7. Star altitudes of 32° 37/, 65° 19/, and 20° 18 Yave heon found with &'

marine sextant having an index error of — 05’5 Lhe height of eye is 60 feet.
8. Correct the following altitudes of the Moen.

Altitude OV Date Index Brror
Upper Limb 99019’ _O\Jan. 13,1043 0
Center 45°15° " Feb. 27, 1943 + 04’
Tower Limb 63° 47 Mar. 11, 1943 — 03’
Center sPgs  Jumell 1943+ 05

N\

Latitude by Meridi}a.t} Alfitude. The latitude of » place may be
determined by megstring the altitude of a star or other celestial body
when it crossegithe meridian. North of latitude 23° 27’ N., the sun
is always oubh at local apparent noon (see local apparent noon,

page 66).\Betwcen the tropics (that is, between 23°27' N. and
23° 27.8) the sun may be north or south, depending on the time of
t'h"“}l;egil'- In the southern bemisphere, south of latitude 23°27' 8.,
thevgun will always be north at nooD.

Evample 1. A navigator finds the qun’s corrected altitude 0 be 33° FYY
the south, The sun’s declination

when the sun is erossing the meridian to
i525°33'8. What is the latitude?

The latitude may be determined by constructing Figure 54, Draw j;ha
semicircle NZS, to represent the metidian; N is the north point, 7 the zenith,
and 8 the south point. Plot the sun ol this figure by making angle & equal
’fro the altitude, 33°44'. The intersection I of the meridian and the 'equator
is found by making angle ¢ equal to the declination 25° 33’ 8. Since the
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sun is south of the equator, the equator is north of the sun, The angle EOZ
is the observer’s latitude, L. For this figure:

L4d+h=00°
L=90°—(d+4&)
L = 30°43' N.

In Figure 54, the latitude is north, since the zenith is north of the equator.

Z The sun, in Figure 54:.J8 said
£ to be making an uppen, dransit
e Sun o the south (see uppetnand lower

' - transit, page 65). 7 An  upper
\ fransit to the pbeih; raeans that
h the sun or {a‘star crosses the
t meridianbétween the zenith and

the northypole.
Ficurz 54. {bpo

www.dbraulibrary.org.in Eags(m?)k 2. The sun’s altfude
i\78° 38" at upper transit to the
\south. Its declination is 25° 33’ 5.
3 Find the latitude. (Sce Figure 55.)
When the latitude and declination
are laid off on Figure 55, the zenith
is south of the equator, and hence
the latitude is south, For this
figure: _
B+d—L=9°
L=4t+d-00°
L =1i°11'83.

Formulas may be derived for

R -y 3 the various cases of north and

AV e south transits, and north and
N : south declinations. In general,
N\ it is better to eonstruct a dia-
: gram like Figure 54 or Figure 55

N 0 — s and not to rely on fof'mula_S-
Froursy 56. - Latitude may be determined in

o _ _ a similar manner from the me-
ridian altitudes of the stars 4t upper or lower transit. Figure 56
represents a sfar of norg

h declination making an upper transit to
the north, In this figure, .

h+d—L=gp
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Prohblems
Tind the latitude from the following meridian altitudes of the sun.

1943 Dale Upper Declination Altitude

acC.T. Transit .
1, July 18, 20® 00= North 21° 05" N. 58° 42
9. Oct. ®, 4200 South 5° 55' 8. 49° 48’
3. Dec. 21 South 23°27' 8. 71°27
4 Nov.8, 800 North 16° 21’ 8. 48° 56'(
6. Aug. 2, 2000= South 18° 02’ N. 67246
8. July 27, 102 00" South 19°923' N. PRt
7. Sept. 16, 18 00™ North 2247 N. \ Y80° 15

7
< X

Tind the latitude from the meridian altitudes of the folla?ﬁﬁé gtars, .

Star Upper Deca».a:n\ax;mn ' Altitude
Transid .&%}\J,dbl‘aulibrar .org.in
8. Vega North 380 44/ N. 50 81
9. Formalhaut South 297588 20° 13
10. Capella North o0 458°56'N. 44° 04
11. Antares SouthOs 26° 18’ 8. 18° 29’
12. Arcturus North 19°2¢' N. 76° 24/
13. Sirius {Bouth 16° 38" B. 45° 17
» 28
A\

Latitude from Alfitides of Polaris. The Nautical Almanac and the
Air Almanac provide a short and easy method of finding the latitude
from the Ngrph Star. The latitude is observed and corrected.
The app imate local bour angle i8 found from the G. H. A. and the
approxithate longitude. Table IITin the Nautical Almanac, page 284,
gi"‘?ﬂx"a:borrection to apply to the altitude to obta'fn tpe latitude.
%335" correction may be positive or negative, and is given for all
vafues of the local hour angle.

Ezample. At 10:00 . E.W.T. on Jamuary 16, 1943, the altitude of
Polaris is found to be 38° 17/, There is no index error. The approximate

longitude is 76°.

EW.T. 10 : 00 P Japuary 16
Zone Time ook (= January 16
Zone

+ 4
G.C.T. onoom  January 17
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Nautical Almanae

G.H. A ot 89° 20,5 (page 280)

Corr. 2t 30° 04.9 (page 214)

G.H. A 119° 25

Longitude 76° _ (approximate)

L.H. A, 43° 25’ (approximate)

Observed Altitude 38° 17

Table A — 1 N\
Corr. Als, 38° 16’ .
Table IIT (page 284)  — 43’ ¢\
Latitude 37° 33 )

The correction — 43’, obtained from Table I, is fou)gd'.;frbm the local
hour angle. A

e

Notice that the longitude does not need to 86 #xact, since the cor-
rections in Table II change very slowly,\as the local hour angle
changes. Hence the navigator may find"Bis correct Iatitude, from
his deach-revkdhingliBFasivTe-in ) |

The Aér Almanac provides a simi]iaf method. In using the A
Abnanac; find the L. H. A, ({857 the local hour angle of the first
point of Aries) and then yse the“correction table on the bagk of the
star chart, AN

The Circle of Position, ~QOne observation of the altitude of a celes-
tial body does not fix pc;;\;ition. This is true for the examples of the
two previous sectio 8. “"When g navigator has found his latitude, he
has merely located his plane or ship on & circle on the earth. Any
single observa,ti\dn “will always locate the navigator on a circle on the
earth, althouglhnot always on a parallel of latitude.

Suppos;e.;a navigator finds that the altitude of the star Vega _i5
66°00/Jat” 20 00= . ¢, T, May 14, 1943. From the Nautical
Almylfac hé finds that Vega has a declination of 38° 44/ and s G, H. A

) ?f 342° 11", Using the altitude, the . H. A., and the declination,
i 'would be €agy for him to construet a cirele of position on a globe.
Vega is the zenith of o certain point on the earth; this point is called
the substellar point of Vega. The latitude of the substellar point 15
38° 44" N, the declination of Vega. The longitude of the substellar
point is 342° 11 west from Greenwich or 17° 49’ T, (360° — 342° 11).
The navigator’s distance from the substellar point is the arc S% of
the astronomic triangle, or 90° — 66° 0o’ = 24° 00" (see the Astro-
nomie Triangle, page 71). The position of point Z in the astronomic
friangle is not known, and hence the navigator’s position is some-
where on & small circle which-has (38° 447 N., 17°49’ E.) for a pole
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and a polar distance of 24°00". This small ¢irele is shown in Fig-
ure 57. V is the substellar point of Vega; PP’ the meridian - of
17° 49’ T, and EE’ the equator.

Observations of two stars at the same time would determine two
circles of position. The position of the plane or ship would be
one of the intersections of these two circles (see problem 3, page 7).

Suppose that navigators in different ships find the altitude of Vega
at the same time. The first obtains an altitude of 66°00" and
is somewhere on the circle with a
polar distance of 90° — 66° 00’, shown
in Figure 57. The second finds
an altitude of 60°00’, and his ship
will be on the circle of polar dis-
tance 90° — 60° 00’, in Figure 57.
Notice that for all the points on the
larger circle the altitude of Vega is
60°00°, and for all the points on
the smaller circle Vega has an alti-
tude of 66° 00'. The places at which .\
the altitude is greafer are nmearver &\
substellar point. Ry Figure 57.

¢\ Problems

Draw on a globe the ‘ciﬁas'- of position defined as followe.
Deghinalion ¢ H. A. Altituds

L Ry 240° 40°
2 Y+ 3 240° 45°
LA 240° 3
4 — 2° 80° 60°
5.: \ ’ —90° 0° 650
e/ — o° .8 70

The Sumner Line, If a navigator observed the altitude of two stars
at the same time, he might draw two circles of position. ng ghip -
would be at one of the points of intersection of the two circles.
Figure 64, page 98, shows two position circles plotted on & I\_’Iercator
map. In this case, at least, there is no doubt about which {nters?c-
tion is the position, It is not possible; of course, 0 determine with
any accuracy the latitude and longitude of the intersection of two
circles drawn on & globe.
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In pra{;ﬁp}, small arcs of the position circles are drawn on a chﬂjl't-
UnIeSs\.@.enbserved altitude is greater than 80°, the are of the position
circle\ls drawn as g straight line. These lines of position are called

_Suriner lines, after T, 1, Sumner, who discovered this method of
\ﬁ:l“djng position in 1837,

The Sumner line may be plotted by calculating the latitude and
longitude of two points; this was the method used by Capt. Sumner..
The method explained here, which is now in general use, is due 'tﬂ
Mareq 8t. Hilaire, an admiral in the French Navy. The St. Hilaire
method uses an assumed position; the assumed position may be that
obtained by dead reckoning, or any convenient point which is near
the dead-reckoning position, -

I.n the 8t. Hilaire metheq the altitude of a star is obscrved. The
altitude and azimuth of the star are calculated for the time of observa--




THE SUMNER LINE 89

tion and for the assumed position. Sumner lines are usually plotied
on Mercator charts, like the ““position plotting sheets” published by
the U. 8. Hydrographic Office. Figure 58 shows & Sumner line
plotted on a section of the position-plotting sheet for latitudes 21°
fo 24°

Ezample1. A navigator near (22° N., 456° W) finds the gorrected observed
altitude of a star to be 45° 8¢, The altitude and agimuth ealculated for
(22° N., 45° W) are 45° 16’ and 210° 30".  Plot the Sumner line (see Fig. 68).

observed altitude corrected ko = 43° 51 R

caleulated altitude h, = 45° 16 ¢\

difference = 35 toward the substellar poii" -

Any meridian on the plotting sheet may be taken &3 455W. The
line bearing 210° from (22° N., 45° W.) points to the s@}teﬂa&' point.
As one moves along the azimuth line toward ¢ eshibstellar point,
the altitude of the star increases. The observed/@ititude is 35’ greater
than the calculated altitude; hence the point,\\gf”(\)"bgméﬁa}i@s%‘ﬁm

N,

© 3¢ S
2°ae JHIllIH!IHllJJIlillllll!Il!lllll’Lil'L.liHi]III_l'l T
307 A 0%

T flul!]”l.l|||l|||]|||II|F|F|

[ll]ll!Jrilil].llll[lll'l;}l/
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a circle of position, which is 35’ or 35 nautical miles nearer the suh.
stellar point. The distance of 35 miles is laid off on the agimyth
line and the Sumner line is drawn perpendicular to the azimuyth lige,
This distance of 35’ or 35 nautical miles is made equal to 35 of lati-'
tude (1 nautical mile = 17 of latitude, not longitude).

In Figure 57, the Sumner line represents a small arc of a eirele of
position. The azimuth line represents a small arc of the greaet circle
joling the assumed position to the substellar point, Withib the

|
limits of the chart no appreciable error is introduced by ‘drawing
these arcs as straight Lineg. o\

Evample 2. Assumed position is (23° N., 46° W.). Caloblated altitude,
or ho = 27°38'. Caloulated azimuth, or Z, = 63°, ,Qolrected observed
altitude, or b, = 27°02".  (See Figure 50.) N

ko = 27° 02/
e = 27° 38’ % \\ :

difference = g p¥4 int
ww,dbraulﬁarary.o?gi?iway fromisnbstellar point

Since the \f)bserved altitude is less than thé ’c:alcu]ated altitude, the Sumner

line is 36’ 0r'36 nautical miles farther\away from the substellar point than
the assumed position,

E XY

Observed altitude greaterthan calculated altitude, Sumner
line is foward the subGlellar point,

Observed altitudeZass than caleulated altitude, Sumner line
is away from sibstellar point.

N Problems
Plot, Sugﬂiiér“lhes in the following problems. Draw two perpendicular

lines _fo the assumed meridian and parallel, Use any convenient scale for
the difference of aititude.

AN Calc.ulated Gbserved Calculated
~\J Azimuth Alt. Corr, Altitude
N/ Z, B, he
1, 135° 45% 58’ 45° 48"
2. 3l0° 63 27/ 63° 40"
3. 70° 20° 4 20° 80°
4. 240° 27° 08 2718
b. 195° TH° 49/ 76°00°
6. 233° 69° 47/ 69° 30’
7. 150° 330 297 34° 00!
8.

280° 56° 18’ . 56° 04
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Altitude on the Prime Vertical. Plotting a Sumner line involves
calculating altitude and azimuth. There is & somewhat general
misconception that the sun in ;- -
north latitudes never has an o
azimuth between north and east
or between west and north. Ifis
the purpose of this section to
develop a formula for finding the
latitudes at which certain stars,
or the sun, at certain times of the
year, have an azimuth of 90°
or 270°.

Figure 60 shows the celestial
sphere, and the line WZE passes
through the zenith and the east
and west points of the horizon.
WEZE is called the prime vertical. 5. 1s a star whiel8 risiny and has
an azimuth of 90° or due east. S: is a star whidh' éielﬂfﬁié'ﬁhﬂ' hagyin
an azimuth of 270° or due west. In trianglePZS::

PZ = 90° — L m".’” .
P8, =90°—d N

PZ3, = 90° N

and 78, = 90° — h, where & is.the altitude on the prime vertical.

On page 52, the sine-cosing :anmla, ]
CoS € = doda cos b + sin g sin b cos G,

was proved for spherigalriangles. Ifina spherical triangle C = 90%,
tos C = 0° and tge sine-cogine formula becomes

¢\ cos ¢ = cos G cos b '
If the fOI'm].iIQ(;os ¢ = cos a cos b is applied to triangle PZS:,
3% cos (90° — d) = cos (90° — L) cos (90° — 1),

O - v
™ . sin d
0“\“ gt h = ——*

gsinL -

Example 1. At what altitude is Arcturus o the prime vertical in lati-
tude 40° 43’ N.? The declination of Arcturus is 19° 29’ N.
. gin 19° 20
sinth = G a07 437
Jogeind (19°29°) = 952814
— logsin L (40° 43') = 0.81446
(0868

log sin h = 9.7
h = 30° 45
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Hence when Arcturus is rising in this latitude, for altitudes —
(a} less than 30° 45, its azimuth is between 0° and 90°,
(5) greater than 30° 45, its azimuth is between 90° and 180°,

When Arcturus is setting in this latitude, for altitudes —
(s) greater than 30° 45, its azimuth is between 180° and 270°,
{8) less than 30° 45, its azimuth is between 270° and 360°.

Ezample 8. Find the altitude at which the sun is on the prime vertic
for latitude 30° 20’ N. on July 27, 1042. The approximate declination
19° 23’ N, . N\

log sin 4 (19° 23" = 6.52009
— log sin L (30° 20") = 9.70332 ¢\
log sin % = 9.81767 "\

N\

h=41°05 .\~

For this Iatitude and date, the sun will be east of north/'in the morning unt
it reaches an altitude of 41° 05", In the afternosn it will be north of wes
when its altitude is less than 41° 05’. O
www.dbraulibrary.org. mProblems'\' ~\

L. Find the altitude on the prime™v&ttical for latitude 35° N. for &k
stars, Altair (+ 8° 437, Regulus ( +12%15", and Aldebaran (+ 16° 24,

2. Bhow that stars of south dé&lihation are never observed on the prim
vertieal in northern latitudes,. \(Show that sin & is negative.)

8. Prove that the sun rises'north of east and sets north of west for lab
tudes 23° 27" N. t0 66° 38\N., between March 21 and September 21,
4. Restate prob em' 3'for south latitudes,

_ b, Show thateg does not cross the prime vertical in north latitude
1f the star’s deelination is greater than the latitude,
AX

Calculagion of Altitude and Azimuth, The problem of caleulstin

altitude i similar to the problem of finding great circle ares.  Altitud

s fgimd by the haversine Jormula and azimuth by the sine formula

’ "{‘hé sides of the astronomie triangle are
@ PZ = g0° — L, south latitudes negative
P8 = g¢° — d, south declinations negative
28 = 9p° — he

Angle P = {ang is found from

the G, H. A. and the longitude. The
haversine fornuly s - A. and the longi

havc=sinasmbhav0+hav (e —b)

For triangle PZS, the haversine formuls, becomes
bav (90° — 1,y

¢os L cos ¢ hav ¢ + hav (L — d).
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Angle PZ8 in the astronomic triangle is -either the azimuth Zi,
or 360 — Zn. The sine formula for spherieal triangles is

Ficurs 61. <O

Tor triangle PZS the sine formula may be written RS

. ¢4
sin { cos d O

sin PZS =
cos b
I dbrauli -
In using the sine formula for angle PZS, an adute ang rotliICAT fidhd ™
the tables; this acute angle is the acute augle from the meridian to
the arc Z8. Denote this acute angle by Z; then

Ay
sin % _ 8t cos d
3" cos b

The relation bhetween the(aeute angle Z and the azimuth, Z,, is a8
follows: N\ : .
Star is nopth and east, then Zn = 2. _
Star igeast and south, then Zz = 180° — 2.
StARIS south and west, then 7, = 180° -+ Z.
‘§Sj}a:i' is west and north, then Z, = 360° — Z.

The ;-elai;ion between Z and Z, is the same a8 that between angle C
id\fe course, Figure 16, page 18.

approximate determination of the azimuth may be made with
the compass. In all but a few cases this rough observation will
determine the quadrant of the azimuth. In the few doubtful cases,
the altitude on the prime vertical may be computed and compared
with the observed altitude (see examples 1 and 2 above); this will
determine whether the star is morth of east, or south of east, ete.
The agimuth could be found by the haversine formula. When the
haversine formula is used for finding azimuth, the angle PZS of the

triangle is found and there is no ambiguity.
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Bzample 1. Find the altitude and azimuth of the star Spica for (40° N,

50°W.) at 1800 G.C.T,, May 3, 1943. The azimuth is between 50°
and 180°,

G.H.A. 0t = 19° 98,1
Corr. 1* = 15° 02.5
G.H. A, = 34°3)
Long. = 50° W,
t = 15° 29’ enst d =— 10° 5
hav (90° — &) = cos 40° eos 10° 52’ hav 15° 29 - hav50°5%
logeos L (40° 00") = 9.88425

+ logcon d (10° 52') = 9.99214 | ( \“.\
log hav ¢ 15207 = gans K
8.13517 N
antilog 813517 = 01365 K7
- nat havy L~d) (50° 52 = 18444 ’\
nat hav (90° — he) = .19%09
90° — h, = 52° 51’ A
ww w . dbraulibragy -3y img’ ' .\ e
: sin 15° 20/%608.10° 52°
sIn Z - Gqs~379 091'
log sin ¢ (15° 20') = 9,426441"
Flogeosd  (10°52) = 9.9paMy
941858
— log cos . (37° 09),£.9.90149
log sinZ = 951700

(2= 19012
N Ze = 180° ~ 2 = 160° 48 '
In this example; L — ¢ = 40° 007 — (— 10 52’y = 50°52". Since Spice
was observed(o the south and east, the acute angle Z is subtracted from
180° to obtéir the azimuth,
N ,
Egample 2. Find the altitude and azimuth of Regulus for the same time
3od'position as example 1. The azimuth is between 180° and 270°,
O G.H.A 06 = 68° 41
" Corr. 1» = 15°02.5
G H. A =gz 44/
Long. = 50°w.
' E=3834t"west =4 19°15
log hav (90° — ho) = cos 40° cog 12°15 hav 33° 44’ 4 hav 27° 45'
~ logcos L {40° 00") = 9.88425
+ log cos d (12° 15" = 9.99000
log hav ¢ (33° 44) = 899503
8.70048
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antilog 8.70048 = 06303
+ nat hav (L—d) (27°45") = 05751
pat hav k. = 12064
90° — k. = 40° 3%’
b, = 40° 22’
snZ = gin 33° 44’ c0os 12° 15’
cog 49° 22
logsini (33° 44") = 9.74485
+ log cos d (12° 15°) = 9.99000
. 9,7345b
— log cos k. (49° 22)) = 9.81372 .
log sin Z = 0.92083 ¢(\A
Z = 56° 27 O
7, = 180° -+ 56° 27" = 236° 271 N\
Problems m'\"
Find the altitude and azimuth in problems 1-6.
Position 1948 Date Dech ,E H, A, Azimuth
g.C. 7. Lauhbral Belbgsn
L Arcturas  40°4% N, b+ 19@ oL 20 &
78° 57 W. 4002 ° 860°
2, The Sun 9054’8, Aug.3 o0F 1o3g  88°98 2W0°&
43°10' W. 18+ 00R3% 360°
3. Fomalhaut 31° 16’ N. Aug,,lrs ~90°55 853°56° 180°&
310 B, Q%000 270°
& Altair 17030 S, ept. 20 + 8°43" 181° 20 270°&
149° 30°%, "~ 800" - 360°
5. Aldebaran 6° 10 N. Nov.24 +16°2¢ 23°5¢ 180° &
24\ 87 B 2k O 270°
6. Canopus \28° 16’ S Deec. 1 54y 3022 9W°E&
BT AW, 22000 180°

In PTOblen'%Flﬂ find first the zone and then the G. C. T. from the zone
time, Fifidthe G. H. A. and the declination from the Nautical Almanac or
the A-Z?‘ Almanac Caleulate the altitude and agzimush for the given position.

\V Position by 1943 Date
Dead Reckoning Zone Time
T. Antares 29° 16" 8. Mar. 23
166° 27’ E. 18 30=
8. Deneb 45° 00" N. June 4
50° 00° W. 23 00~
9. Arcturus 9° 25 8. May 18
160° 05’ E. 22k 00=
10, Sirius 2p° 10’ N. Dee. 16

55° 06’ W, 2 30=
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Position by Sumner Bines. Position may be determined by the
two Sumner lines r ing from two simultaneous altitudes of (?lf'
ferent stars. Fo {fie best fiz, two stars should be selected which

differ by about 90°

In. azimuth.

Ext-zmple_. < Alnavigator in the North Atlantic finds the corrected altitudf
of Spiea to,5e"37° 29’ and the corrected altitude of Regulus to be 490 52
at 1" 00GIC. T, May 3, 1943. Find his position, using (40° N., 50° W.)

for arQaasumed positi
,'1?;16 calculated alti

o,
tudes and szimuths were found in the examples of the

l&gst section, Spica Begulus
o = 37°29" he = 40° 52/
he = _37° 09 h, = 49°9%
20" toward 30 toward
Zy = 160° 48 Z, = 236° 27’

The Sumner lineg from th,

in Figure 62. The

(39° 33" N., 50° 24’ W),

eze two observations are shown on a plotting_ shefff-
ship’s position determined by their intersection i

In. this example the two altitudes were found at the same time.
In air navigation there will generally be a time interval between the
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observations. In Figure 63, the navigator of a pl'ane has plotted
line A, and then line B, but the plane has gone 45 nautical miles on a
course of 225° between the times of the observations. The navigator
allows for this change of position by constructing EF with a bearing
of 225° and a length of 45 miles, Line C is drawn parallel to line A,
and P is the position at the time of the second observation,

The two obscrvations whieh were used fo plot the Sumner lines of
Figure 62 actually determine two cireles of position. Figure 64
chows these two cireles of position and the substellar points-of ™
Regulus and Spica. The circles appear distorted because theynare
plotted on a map. The two circles of Figure 64 have two jmﬁérs?ac—
tions, but the intersection in the South Pacific is easily elilinated.
Tf the difference in azimuth of two stars is near 0° or neat 180°, they
should not be used for a fix by Sumner lines. The hest, fix is obtained
when the difference of azimuth is near 90° \/

AN
,'w\f\»\-@l aulrary.org.in
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pogsi?:. S\ﬂlﬁl;é;hhnse is freqlfently valuable even though it does not fix
deterzﬁil-led Ife ,tumner line runs north and south, the longitude is
Th ej e de;lt h11 hl'llnﬂ east, a.nd.west, the latitude is determined.
Etl‘lklng illust; “;; oh lod to the discovery of the Summner line is &
(j&ptain Sy ration of the value of a single position line. In 1837
his destinatl‘.:iﬁ.ier ]fjfuled from Charleston for Greenock. As he neared -
unable to take 131 position became doubtful because he had been
able to obse e ae ?’Stm‘l Olfﬂervations. On November 27 he was
which b lrve 8 single z?,ltltude of the sun. The line of position
e plotted from this observation ran through Small’s Light,

and consequently the original § ! ;
ship reaching port sa.fe]y%m umner line was the means of Sumner’s

Many recent developments have increased both the accuracy of

medern navigation and the rapidity with which caleylations ean be
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made. Numerous special tables have been prepared for caleulating
altitude and azimuth. The Greenwich hour angle was introduced to
avoid the more cumbersome use of right ascension. The bubble
sextant and the sccond setting watch have been developed to aid the
aerial navigator. The A#r Almanac has heen published to provide
all the essential astronomical data in as compact & form as possible.

Problems

Tind the latitude and longitude of the point of oheervation in the follow=
ing problems. In problems 3 and 4, find the G. H. A. and the declinsgtiol{
from the Nautical Almanac. If plotting sheets are not available, they may
be constructed by taking 12.00 em. to equal 1° of longitude in eaghvprob-
lem; then, in No. 1, 1° of latitude = 14.24 em.; in No. 2, 1° ofdatitude =
13.78 cm.; in No. 3, 1° of latitude = 12.10 om.; and in N({é; 1° of lati-
tude = 15.84 em. O

Assumed 1943 Date  Star Dec. G Endibra{lis laﬁ%mgﬁ&
Positien G C.T. RS Alt. fween
1. 32°00'N. Aug 10 Vega + 38° 44% N89° o5 46°44° 270° &

136° 00’ W. 102 00= RO 360°
Fomal- N
haut _<90° 55 124022 26°47 90° &
NN 180°
2. 30°00’S. Sept. 10 Peadotk — 56° 55 358° 43 62°80° 180° &
11°00' B, 21200 ¢4\ 270°
ki, - 26°22 21°04 61°05 180°&
270°

3. 10°00/ N. Q;@..‘M Observed altitude of
& Aldebaran = 74° 04’
60° 00/ Q& pon 0=  Observed altitnde of Hamal = 65° 42/

¢ 419\‘59}1\1[. Mar. 18 Observed altitude of Regulus = 88° 58:
{00 W, 0008 Observed altitude of Mizar = 28°42
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Plotting Sheets: O

Position plotting sheets are published by the United Sta}es Hydrographic
Office. The Coast and Geodetic Survey AemnauticaE’Charm may also be

used for plotting, ' \
Position by Sumner Lines: \

| aikon, Chapters XIV, XV; Bowditch, Ghaplers XIV, XV; Lyon, 191
164, 203«ww,dbrauljbrary.org.in ) ‘\‘.
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celestial .. .. ............ .. 60 ..\ T2-75, 76, 81, 85
dipof.................... 81 | Navigation, air and marine
Hour angle, and declination...64-65_ .- compared......,........ 32
defined............. ... . O celestial ... ... 77-99
Greenwich............... . " }l’65 of Columbus. ............. 77
sidereal............... .0 62 by dead reckeoning . .. ...... 17-23
and time. .. .., .. \ .. 65-68 of the Polynesians. . ....... 71
Index error of a se rlt Ny .t. ... 80 by radio.................. %
Interception of aiveralt, ... ... 3941 | fypesof................ lg_;g
Kelly Field Ea'}tig'a.“tion School 14 Noon, local apparent......... 66,
Latitude, ,Qeﬁle do 4 Parallax, correction for....... 81-8§
diﬁel’@.ﬁce’ of 17 Parallel, of latitude. . ........
1920
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109 | 03743 03782 03822 03862 (3 902 | 03941 03981 04021 04060 OF100

N\
110| 04139 04179 04 218 04258 04207 04336 04376 04415 04450\044%3
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224} 35025 35044 35064 35083 35102 | 35122 35141 35160 35180 35199
225 | 35218 35238 35257 35276935205 | 35 315 35334 35353 35372 35392
225 | 35411 35430 35449 35468 35483 | 35 50';' 35526 35545 33564 35583
Z27| 35603 35622 35641 /35660 35 679 | 35693 35717 35736 35755 357H
2281 35793 35813 35832035851 35870 | 30 889 35908 35927 35946 35965
229 | 35984 36003 ss\qzl 36020 36059 | 36078 36097 36116 36135 36154
230| 36173 36192°36211 36229 36248 | 36267 36286 36305 36324 36342
231} 36361 36380736399 36413 36436 36455 36474 36493 36511 36530
232| 36549 36563 36586 36605 34624 36642 36661 36630 36698 36717
2331 3673636754 36773 36791 36810 36829 36847 36866 36884 36903
Z34| 36922 36910 36959 36977 36906 37014 37033 37051 37070 37058
235 | 3007 37 125 37144 37162 37181 | 37190 37218 37236 37254 37273
236, }.3;\291 87310 37328 37346 37365 | 37383 37401 37420 37438 37457
232087475 37493 37511 37530 37 zeh 37566 37585 37603 37621 37639
[ 238" 37658 37676 37604 37712 37731 | 37749 37767 37785 37803 37822
€391 37840 37858 37876 37894 37915 37931 37949 37967 37983 38003
240 38021 33039 38057 33075 38093 | 38112 38130 33148 38166 38184
2411 38202 38270 38238 38256 33 274 | 38292 33310 38328 38346 38364
242 | 38382 38390 33417 33435 38453 - 38471 38489 38507 38525 38543
243 | 38561 38578 38395 38614 38632 | 38650 38668 38686 38703 3872
44| 38739 387ST 38775 38792 33816 38828 38846 33863 38881 3887
2451 38917 38934 33952 33970 38987 | 39005 39023 39041 30058 39076
2461 39094 39111 39129 39146 39 164 39?32 33199 39217 39235 3925§
2471 39270 39287 39305 39399 39340 | 39358 39375 39393 39410 39422
2481 39445 39463 30480 30408 39515 | 30533 39550 39568 393585 399"7
249\ 39620 39637 39655 39673 39450 39707 39724 39742 39759 3977
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250| 39794 39811 39520 39846 39863 | 39881 39898 39915 39933 39950
251| 39967 35985 40002 40019 40037 | 40054 40071 40088 40106 40123
252 | 40140 40157 40175 40192 40209 | 40226 40243 40261 40278 40295
253 | 40312 40329 40346 40364 40381 | 40398 40415 40432 4049 40466
254 | 40483 40500 403518 40535 40552 | 40569 40586 40603 40620 40637
258 | 40654 40671 40638 40705 40722 | 40735 40756 40773 40790 40807
2% | 4082+ 40841 40838 40875 40892 | 40909 40926 40943 40960 40976
257| 40993 41010 41027 41044 41061 | 41078 41095 41111 41128 41145
358 | 41162 41179 41196 41212 41220 | 41246 41263 41280 4129 41313
259| 41330 41347 41363 41380 41397 | 41414 41430 41447 4146+ 4148
260 | 41497 41514 41531 41547 41564 | 41581 41597 41614 41631 4164
261 | 41664 41681 41697 41714 41731 | 41747 41764 41780 41 797, @Dgl4
26| 41830 41847 41863 41880 41596 | 41913 41929 41946 4196; 11979
263| 41996 42012 42029 42045 42062 | 42078 42095 42111 42127 42144
264 | 42160 42177 42193 42210 42226 | 42243 42259 42275 42202 42308
265 | 42325 42341 42357 42374 42390 | 42406 42423 42439022455 42472
266 | 42488 42304 42521 42537 42553 | 42570 42586, 44602 42619 42635
267 | 42651 42667 42684 42700 42716 | 42732 42 7402765 42781 42797
268| 42813 42830 42846 42862 4278 | 42894 420042927 42943 42959
269 | 42975 42991 43008 4302+ 43040 | 43056 m-chbmahhi*ﬁw,dﬂéml
BT0| 43136 43152 43169 43185 43201 | 4303233 43249 43265 43281
271 | 43297 43313 43329 43345 43361 43379 43 393 43409 43425 43441
272 | 43457 43473 43489 43305 43521 | 43887 43553 43560 43584 43600
23| 43616 43632 43648 43 664 43680 h¢3696 43712 43727 43743 43759
274 | 43775 43791 43807 43823 43838\ |F43854 43870 43886 43902 43917
275 | 43933 43949 43965 43981 43996 | 44012 44028 H40H 44059 44075
276 | 44001 44107 44122 4413844154 | 44170 44185 44201 44217 443232
O77 | 44248 44264 44279 44205 44311 | 44326 44342 44358 44 373 44389
28] 44404 44420 44436 4451 44467 | 44483 44498 49514 44520 44545
29| 44560 44576 MSQK?{‘P()O? 44623 | 44638 4465+ 44669 44685 44700
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2851 45 484\J5 500 43515 45530 45545 | 45561 45576 45591 45606 45621
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350 | 54407 54419 54432 54444 54456 | 54469 54481 54494 54506 54518
31| 54531 54543 54555 54568 54580 | 54593 54605 54617 54630 54642
352 | 54634 54667 54679 54691 54704 | 54716 54728 54741 54753 54765
353 | 54777 54790 §4802 54814 54827 | 54839 54851 54864 54876 54858
351 | 34900 549013 54925 54937 S4%49 | 54962 54974 54986 54998 55011
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363 53871 55883 55895 55007 55910 | 55931 55943 55955 5595T¢58979
363 | 55691 56003 56015 56027 56038 | 56050 56062 5607¢ 56086, 56098
364 | 56110 56122 56134 56146 56158 | 56170 56182 5619+ 56205 56217
365 | 56229 56241 56253 56265 56277 | 56289 56301 56312 %6324 56336
365 | 36318 56360 56372 56384 56396 | 56407 56419 56431 Y56,443 56455
3671 56467 56478 56400 56502 56514 | 56326 56538 56545 56561 56373
368 | 56585 563507 56608 56620 56632 S0644 BASHE6T 56679 56691
360 | 56703 56714 56726 56738 56730 56761%?{31&&?&%551797015@?{%8
370 | 56520 56832 56844 56855 56867 | 56879 6891 56002 56014 56926
1! 56937 56949 S6961 56972 56984 | 56996 )S7008 57019 57031 57043
372 | 37054 57066 57078 57089 57101 | SALS" 57124 57136 57 148 57159
373 | 57171 57183 57194 57206 57217 |, 57.229 57241 57252 57264 57276
374| 57287 57299 57310 57322 5733% (NST345 57357 57368 57380 573%2
375| 57403 57415 57426 57438 57d40° | 57461 57473 57484 57496 57507
378 | 37510 57530 S7542 57553 57865 | 57576 57588 57600 57611 57623
377 | 57834 37646 57657 5766957680 | 57692 ST7T03 57715 57726 57738
38| 37749 37761 87772 T4 V57795 | 57807 57818 57830 57841 57852
319 57864 57875 5788% {7‘8,98 57910 | 57921 57933 57944 57955 57 967
880| 57978 57950 530DL 58013 38024 | 58035 58047 58058 58070 58081
381 | SS092 25104 S@M& 58127 58138 | 58149 58161 58172 58184 58195
3831 58206 58218M58220 53240 38252 | 58263 58274 58286 58297 58300
393 | 58320 5333188343 58354 58365 | 58377 58388 58309 58410 58422
38%| 58433 58444 58436 58467 cs475 | 58490 58501 58512 58524 58533
385 | 58 w&s& Tcr 52560 58580 58591 | 98602 58614 58625 58636 S8647
386 | 53650 58670 SS681 58692 58704 | 8715 58726 £3737 58749 58 :6[2)
387 | 5897 Ss7g2 58704 58805 58816 | 58827 58838 58850 53861 5387
333.| (39883 38894 8906 58917 53028 | 58939 58950 523961 58973 gsgg;.
38 (V58995 59006 59017 59028 59040 | 59051 o062 59073 59084 59
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No. 0 i -1 3 4 5] L] 7 s 9
400 | 60206 60217 60228 60239 60249 | 60260 60271 60292 60293 €034
401§ 60314 60325 €0336 60347 60358 | 60369 60379 60300 60401 60412
402 | 60423 60433 60444 60455 60466 | 60477 60487 60493 60500 6052
403 | 60331 60541 60552 60563 6057+ | 60584 60595 60606 60617 60eay
104 60638 60619 60660 60670 60681 | 60692 60703 60713 60724 60735
4051 60746 60756 €0767 60778 60788 | 60799 60810 60821 60831 60842
406 1 60853 60863 60874 6083 60895 | 60906 60UL7 60927 60938 60940
407 | 605959 60970 60981 60991 61002 | 61013 61023 61034 ‘61045 61055
408 61066 61077 61087 61098 61109 | 61119 61130 61140 61151 6l 162
4091 61172 61183 61194 61204 61215 | 61225 61236 61247 61 257E1268
410 | 61278 61289 61300 61310 61321 | 61331 61342 61352 61363 61374
4111 61384 61395 61405 61416 61426 | 61437 61445 6145851460 61479
412] 61490 61500 61511 61521 61532 | 61542 61353 61 563 61574 61584
413 | 61595 61606 61616 61627 61637 | 61648 61638 61869 61679 61600
4141 61700 61711 61721 61731 61742 | 61752 61763 61778 61 78+ 6174
415| 61805 61815 61826 61836 61847 | 61857 61 865."61 878 61888 61899
4161 61909 81920 61930 61941 61951 | 61 962 HIGTE 61982 61993 62003
417 62014 62024 62034 62045 62 035 62 066 62076 620865 62097 62107
418| 62118 62128 62138 62149 6 62 170\62 180 62190 62201 62211
419 | 62221 cwacy dbhrapliprary. %‘2&63‘ 52273 62 284 62294 62304 62315
420 62325 62335 62346 62356 62366 ~62 377 62387 62397 62408 62418
4211 62428 62430 62449 62459 62469 hB2480 62490 62500 62511 62521
422 | 62531 62542 62552 62562 62372\ | 62583 62593 62603 62613 62624
423 | 6263+ 62644 62655 62665 62675 | 62685 62606 62706 62716 647%
424 | 62737 62747 62757 62 767 62778 | 62788 62798 62808 62818 62829
425 | 62839 62819 62859 62870 :62 880 | 62890 62900 62910 62921 62931
4261 62911 62951 62961 6A9%2 62982 | 62992 63002 63012 63022 63033
4271 63043 63053 63063.63073 63083 | 63004 63104 63114 63124 €313
428 | 63144 63155 63165 63 175 63 185 63195 63205 63215 63225 63236
429 63246 63256 63\?@6 63276 63286 | 6329 63306 63317 63327 63337
430 63347 63337 63 367 63377 63367 | 63397 63407 63417 63428 63438
31| 38 6345863468 63478 63483 | 63498 63508 63518 63528 63538
4321 63548 6XS58 63563 63570 63589 | 63599 63609 63619 63620 63639
433 | 63649763659 63669 63679 63659 | 63699 63700 €371 63726 63739
34| 63719\68759 63769 63779 63789 | 63 799 63809 63819 63829 63839
435 | B389 63859 63869 63879 63839 | 63899 63919 63929 63939
436,063 949 63939 63969 61979 63988 | 63 508 g% 64018 64028 64038 |
43TH 61048 64058 64068 64078 64088 | 64008 64108 64118 64128 64137 |
(I8 6147 64157 64167 64177 64187 | é4 197 64207 64217 6+227 64237
9| GA26 64256 61266 64276 64236 | 64296 64306 64315 64326 6435
440 | 64345 64355 64365 64375 64335 | 6439 64404 64414 64424 64434
441 ) 64444 64454 64464 64473 64 453 '6429% 64583r 64513 64523 64532
TE| GH542 64552 64562 64572 64582 | €459l 64601 6holl 6462) 64631
43| 64610 61650 64660 64670 64630 | 64639 64699 &4+700 64719 64729
] 61738 64748 64758 647638 64 717 64787 64797 64807 64816 64826
31 61836 61816 64856 64865 sears | ¢ 04 64914 64924
H6) 61933 64943 64953 64963 64 o972 613%% ﬁ% 2:302 65011 65021
471 65031 65040 65050 65060 65 070 65079 65089 65099 65108 65118
8| 65128 65137 65147 €215 5 65215
9| e & 5157 65167 | 65176 65186 65196 65 20 3
323 63234 65244 63254 65263 | €3273 65 253 65292 65302 6531
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| 65321 65331 65341 65350 65360 | 65369 63379 65380 65398 65408
| 65418 63427 65437 65447 65456 | 65466 65475 65485 65495 65504
)| 62514 65523 65533 65543 65552 | 65562 65371 65 581 65591 65600
| 65610 65619 65629 65639 65648 | 65658 65667 65 677 65686 65696
11 65706 65715 65725 65734 65744 | 65753 65763 65772 65782 65792
<l 65801 65811 65820 65830 65839 | 65849 65858 65865 65877 65887 |
2! 65806 65906 65916 65925 65935 | 6594 65954 65963 65973 65982
2| 65992 66001 66011 66020 66030 [ 66039 66042 66053 66068 66077
2| 65087 66096 66106 66115 66124 | 66134 66143 66153 66162 66172
ol 66181 66101 66200 66210 66219 | 66229 66238 66247 66257 66260
y| 66276 66285 66295 66304 66314 | 66323 66332 66342 &6351 66361
1| 66370 66350 66380 66398 (6408 | 6417 66427 66436 66445 66455,
2 GE464 66474 66433 66492 66502 | 66511 66571 66 530 66539 6654Q
1| G6358 66367 66577 66596 66596 | 66605 66614 66621 66633 6 sof
1| 66652 66661 66671 66680 66689 | 660699 667708 66717 66727 66736
<1 46745 66755 66 T6H 66773 66783 | 66792 66801 66811 6&3'20"66329
o | 66539 66813 66857 66867 66876 | 66885 6689% 66904 66013 66922
7| 66932 66941 66950 66960 66969 | 66978 £6987 66 0BT 006 67015
81 67025 67031 67043 67052 67062 | 67071 27082 EA0RD 67099 g; %ga%
9| 67117 67127 67136 67145 67154 | 67164 7173 ‘g\ C}glw ralyorg‘
O 67210 67219 67228 67237 GT247 | 67256 &7 265 {67 2714 67284 67293
N1 671302 67311 67321 67330 67339 | 67348 A7357 67367 67376 6738)
2 | 67294 67403 67413 67422 67431 67 440 (6TA49 67 430 67468 67477
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4] 67578 67 587 67596 67605 67614 67.62% 67 633 67 642 67 651 67 660
75| 67660 67679 67688 67697 67 Y06, ). 67 715 67724 67 133 67742 67752
6| 67761 67770 67779 67788 €7 TRl 67806 67815 67823 67834 67843
7| 67832 67861 67870 67879 67888 | 67877 67006 67916 67925 67934
8] 67043 67932 67961 6797067979 | 67958 67957 68006 68015 68024
79 | €8034 68043 68052 68061“ 63070 | 68079 63088 65097 68106 68115
0 | 68124 68133 68142 68\1 68160 | 68169 68178 63187 68 196 68205
81| 65215 63224 68233,\68242 63251 6260 68267 GB278 68287 2%2?2
2| 63305 63314 68323763332 68341 68350 68359 68368 6837'; 683%
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37| 68753368 762 68771 63780 68789 | 63797 63806 6881 24 6353
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406 | 60853 60863 60874 eosgg 28;3? %Jgg ooty Sood sasL e
4071 60950 60970 60981 60991 61002 61906 G000 oo Sy os8 ooy
403 | 61066 61077 61037 61098 61108 | ol 1o o) \ay 3934 61043 eloss
| G AT AT AW O | A AR s A
61 257761 268
410 | 61278 61289 61300 613
10
411 | 61384 61395 61405 61416 giigé g% D7 Gl oag e o
4121 61490 61500 61511 61521 61332 7 Clas o e A
413 ] 613595 61606 61616 61627 61267 2} 518 ol ots OB LT o
414} 61700 61711 61721 61731 61742 | 61 ?;g 2% S’é’g 2%?6? 2%?;79 & 7
7 H 84 6179
415 | 61805 61815 61826 6183 Q
416 | 61909 61920 61930 ¢ 94? g}g;; 21 857 61863461878 61888 6189
4171 62014 62024 62034 62043 62055 NG Sl sl s
418( 62118 £2128 62138 62149 62159 G e ND Yo Saobs oo
) S m il | SRR Sl 20 g
: 94 62304 62315
420 62325 62335 62346 ) ' .
2 6 X "
01| 62428 62435 63449 éi?g ggggg” 62377 62387 62397 62408 62418
423 | 62634 62641 62655 oF oog 622% 62583 62593 62603 62613 62624
424 62737 62747 62757 62767 62978 gg ?6353; g:? ?gg 2% ggg & o1s Gra
62818 62829
4251 62839 62849 62859 62570 %62
42| 62941 62951 62961 6072 6306 | ooy Capo0 62810 C2onl o
27| 63043 63053 63003 Longrs ool | 62992 €3002 63012 63022 63033
428| 6314 63135 63 19883 128 o3 3 1| 63097 63104 63114 63124 63134
429| 63246 63256 Gics ‘63276 6328 | o 200 63306 &317 6327 &5
63317 63327 63331
430 63347 63357 633
83367 63
111 6318 634583 do s §3387 | 63307 e8407 63417 63428 63438
32| 63518 63438 63568 ¢ 12 o 63498 63308 63518 63528 63538
433 | 6364963659 63660 &3 arg 6-3223 63599 63609 63619 63629 63639
434 63T BB 759 63769 63779 63 759 g?% ggﬁg (6)3?)?19 & 429 6353
; 819 63829 63
435 9 63859 63 860
N\ ) 6
135‘ \O8 949 63959 63969 Ggg;g 233323 63899 63909 63919 63929 63939
43 6018 64058 64068 64078 64 63998 64008 64018 64028 64038
._.\}}% 64147 64157 64167 64177 64(1328 | o erlos ehls on o8 o
0| 64216 64256 64266 ghans orAST | 64197 64207 64217 64227 64237
Ciol oo 286 | 64296 64306 64316 64326 64335
5§ 64355 64365 ¢4
HI| 634 G155 61 4gy miii giigi 64305 64404 64414 64429 64431
64542 64552 6453 of o7 orto3 | 64493 64503 64513 64523 64 532
443 ] 64640 64650 64660 ofend 64582 64591 64601 64611 64621 64631
W] 64738 64748 64758 4 Ten 64??2 ﬁ?ﬁ? ?‘1(7}39 64709 64719 64;%2
7 64807 64816 64
144(53 64836 64846 64856 64865 g1 gy
qH6) 64933 64913 64953 64963 64 915 Srios cesos cront 1ot GHL
w7 65031 65040 65050 65000 or 72 t 64982 64992 65002 65011 6502L
i 65125 63137 65147 6219 o 070 | 65079 65089 65099 65108 65118
65225 65234 65244 63255 oo %g 65176 65186 65196 65205 65213
65273 65283 65292 65302 65 312
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No. L i 2 3 4 5 G 7 8 9
450 65321 65331 65341 65350 65360 | 65369 65379 65389 65398 65408
451 | 65418 65427 65437 65447 65456 | 65466 65475 65485 65495 6350+
452 | 63514 65523 65533 65543 65552 | 65562 65571 65581 65391 65600
153 | 65610 65619 65629 65633 65648 | 65658 65667 65677 65636 65696
434 | 65706 65715 65725 65734 63744 | 65753 65763 65772 65782 65792
455 | 65801 65811 65820 65830 65839 | 65849 65858 65868 65877 63887 |
456 | 65596 63006 65916 65925 65935 | 65944 65954 65963 65973 65982
457 | 63992 66001 66011 66020 66030 | 665039 66047 66058 66068 66077
438! 66087 66006 66106 66115 66124 | 66134 66143 66153 66162 66172
459 | 66181 66191 66200 66210 66219 | 66229 66238 66247 66257 66266
a
460 | 66276 66285 66295 66304 66314 | 66323 66332 66312 66351 66361
461 | 66370 66380 66350 66398 66408 | 66417 66427 66436 66445 66455
42| 66164 66474 66483 66492 66502 | 66511 66521 66530 66539 66549
463 | 66538 66567 66577 66586 66506 | 66605 66614 66624 6663§N66612
A64 | 66652 66661 G66TL 66680 66639 | 66699 66708 66717 66727 66 736
465 | 66745 66755 66764 66TI3 66783 | 66792 66801 66 811, 66820 66 829
66| 66519 GH8IR 66857 66867 66876 | 66885 66894 660U 66913 66922
1671 66932 66041 66950 66960 66969 | 66978 6698TNEBYOT 67006 67013
463 ] 67025 67034 67043 67052 67062 | 67071 67030007089 67099 67108
469 | 67117 67127 67136 67145 67154 | 67 1%%&%&%1& £318) G201
470 | 67210 67219 67228 67237 67247 67256.\67265 67274 67284 61293
4711 67302 67311 67321 67330 67339 | 67348 )67 357 67367 67376 67383
4721 67304 67403 67413 67422 6743l | 67430 6749 67459 67468 67477
473 | 67486 67408 67504 67514 67523 |, 67.532 67541 67550 67560 67 569
4| 6TSTR 67587 67596 67605 67 GIECNN67 62+ 67633 67642 67651 67660
#15| 67660 6TET9 67638 67697 GRIOB | 67715 67724 67733 67742 67752
4761 67761 67770 67 779 67788 697 | 67 806 67815 67825 67834 67543
7| 67832 67861 67870 67 SFONGT 888 | 67897 67906 67916 67925 6793t
478 | 67943 67952 67961 67970 67970 | 67988 67997 63006 63015 68024
4791 68034 68043 63052 es 061 63070 | 68079 68088 €8097 68106 63115
480 | 63124 68133 63 142\56151 63160 | 63169 63178 683187 68196 68205
481 | 63215 68224 68233 68242 68251 | 68260 68269 68278 68287 68296
4220 63305 63314068823 63332 68341 | 63350 68359 68368 68377 68386
483 | 68395 63404 BR413 63422 63431 | 63440 68449 68458 68467 68476
184 68485 6539 “63502 68511 68520 | 68520 68538 68347 63536 6856
4851 68 574\68583 68592 £860L GR610 | 63619 683628 63637 6B646 68635
486 68654 EB 673 63631 (3690 68699 | 63708 68717 68726 68735 6874
487 | 68753 68762 62771 63780 68780 | 68797 68806 68815 68824 68833
488 | (63842 68851 63860 68869 63878 | 63886 68835 683904 63913 68922
4O \BS 931 63940 68940 683953 68966 | 68975 6898+ 68993 69002 69 011
490 | 69020 69028 69037 69046 69055 | 69064 69073 69082 £90% 65099
491 | 69108 69117 £9126 69135 69144 | 69152 69161 69170 69179 69188
4921 60197 60205 69214 69223 60232 | 69241 69249 69258 69267 69276
493 | 69233 69204 69302 69311 69320 | 69329 69338 €936 69355 69364
494 | 60373 69331 60390 69399 69408 | 63417 69425 69434 G943 69452
L)
951 69461 60460 69478 69487 69496 | 69504 69513 69522 69531 69539
196 | 65548 &0 557 69566 €9574 695583 | 69592 69601 69609 69618 69627
497 | 60636 69644 60653 60662 69671 | 67679 C9GBB 69697 69705 69714
493 | 60723 69732 60740 60749 69758 | 69767 GITTS 69784 69793 69801
4991 69810 698G 69827 60836 69845 | 60854 69862 69871 69880 69888
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500 [ 69897 69906 69914 69923 69932 | €9 940 69919 69958 69966 (oor;
011 69984 69992 70001 70010 70018 | 70027 7003 00+ 70053 7006t
302 | 70070 70079 70088 70096 70105 | 70114 70122 70131 70140 70143
2031 0157 70165 70174 70183 70191 | 70200 70200 70217 70226 7023t
504 70243 70252 70260 70269 70278 | 70286 70295 70303 70312 7032
- 05| 70329 70338 70346 70355 70364 | 70372 70351 70389 70398 %0406
206 1 70415 70424 70432 70441 70449 | 70 155 70467 70473 70484 704w
071 70501 70509 70518 70526 70535 | 70 514 70552 70561 70560 70578
208 70586 70595 70603 70612 70621 | 70 629 70638 70616 70655 70663
S09| 70672 70680 70639 70697 70706 | 70714 70723 0731 70 740\?0749
BLO 70757 70766 70774 70783 Y0791 70800 70808 70817 703 083
5111 70842 70851 70850 70868 70875 70885 70893 Y0002, 0910 70919
121 70927 70935 70944 70952 7006] 70969 70978 70986\ 70995 71003
3| 71012 71020 71029 71037 71046 | 7] 054 71063 71071} 71079 71088
514 71096 71105 711i3 71122 71130 71139 71147 7S5 71164 71172
SIS| 71181 71189 71198 71206 71214 71223 71 23091 240 71248 71257
26| 7L265 71273 71282 71290 71209 | 7] 307 FL3LS771324 71332 71341
S171 71349 71357 71366 71374 71333 FL3OL 79399 71408 71416 71428
318171433 71441 71430 71458 71466 | 11 475001483 71492 71300 71508
5191 71 51T \g;éﬁgagﬁg;gr;ﬁgjﬁl 550 71339071 567 71575 7135% 71592
520 | 71600 71609 71617 71625 91634 IN612 71650 71659 71667 71675
3211 71684 71692 71700 71709 71 TIINNIL 725 71734 71742 71730 71759
3221 TL767 71775 71784 71792 71 800NI»71809 71817 71825 71834 71842
523 | 71850 71858 71867 71875 718831 71892 71900 71908 71917 71925
5241 71933 71941 71950 71958 7pbut 71975 71983 71991 71999 72008
5251 12016 7202¢ 72032 72048 %2 049 72057 72066 72074 72082 72090
526 | 72099 72107 72115 72 13772132 | 72130 72148 72156 72 las 72173
3271 72181 72189 72198 73206 72214 72222 72230 72239 72247 72255
528 72263 72392 12 280472288 72996 | 72 304 72313 72321 72329 7233
5297 72346 72354 72362z\72 370 72378 | 72387 72395 72403 j2411 72419
N\ -

B30 | 72428 72435 ~72\444 72452 72460 | 72469 72477 72485 72493 72501
3311 72509 72518 92526 72534 75 042 72550 72558 72367 72575 72583
532 | 72591 7259992607 72616 i3 624 | 72632 72640 72648 72656 12663
3331 72673 72681 72639 72697 7o 705 | 72713 72722 72730 72738 72746
534 1275492962 72770 72779 79 787 | 72795 72803 72811 72819 72827
535 | 726357 72843 w2852 72860 7o 868 | 72876 72884 72892 72900 72908
336 | 12916 72925 72933 72941 72999 | 72957 72065 72973 72981 72989
237 $2997 13006 73014 73022 73 030 | 73038 73046 73054 73062 73070
B[ Tiors 3080 T3094 73102 73111 | 73139 19 vae B oar 00O Bis
(32| 3159 73167 73175 73183 73101 | o3 199 73207 73215 73225 AL
540 73230 73247 73255 73263 73213 73280 73283 73296 73304 73312
51| 73320 73328 93335 73344 73 352 | 73360 73368 73376 7338¢ 13392
342 73400 73408 73416 73424 73432 | 73440 73448 73436 73464 73472
331 73480 73483 73498 73 204 73512 | y3520 73528 73536 7AsH4 73552
S| 73560 73568 73576 73 584 73592 | 73600 73608 73616 73624 73632

L)
3451 73640 73648 73656 73 66t 73612 | 73679 73687 73605 43703 737l
36| 73719 73727 73735 73744 73751 | 73759 73767 73775 73783 73791
S| 73799 73807 73815 7303 4350 73838 73846 73854 73862 73870
2I81 73878 73836 73801 73002 43010 73918 73926 73933 7341 73949
549 | 73957 73965 73973 73 WL 73989 1 73997 74005 74013 74020 74078
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550 | 74036 74044 74052 74060 74068 | 74076 74084 TA00Z T4099 74107
20| 74115 74123 74131 74139 74147 | 74155 74162 74170 T4178 74186
2i3| 74104 74202 74210 74218 74225 | 74233 74241 743240 74257 74265
5331 74273 74250 74258 740206 74304 | 74312 74320 74 327 74335 74343
%ei| 74351 74359 74367 74374 74382 | 74390 74398 T4 406 74414 74421
53| 74420 74437 TH445 74453 7446l | 74468 THATE 74484 74492 74500
35| 74507 74515 74523 74531 74539 | 74347 7455 4 562 54570 74573
Ti71 74386 74503 74601 74609 74617 | 74624 74632 74640 TAEAB 74656
wig | 74663 74671 74679 TH6ST T4G95 | 74702 74710 74 718 74726 74733
To| 74741 74749 74757 THT64 THTIZ | 74780 74788 1479 74803 74811
560 | 71810 74827 74834 74842 74850 | 74858 74865 74873 74881 74 889
51| 7499 74904 74912 74920 74927 | 74933 74943 74950 74958 74966
02| 74974 74981 74939 74997 75005 | 75012 75020 75028 75035 5043
3l 75051 75039 75066 75074 75082 | 75082 75097 75109 75 113("15120
2611 75 108 75136 75143 75151 75159 | 75166 75174 75 182 7518975197
565 | 75205 75213 75220 75228 75236 | 75243 75251 75 25975266 15 274
%66 | 75082 73280 75207 75305 75312 | 75320 75328 75 335, 95343 75381
Ser| 12535 75366 75374 75381 75389 | 75397 75404 JodiZ 75 420 75427
gss 75435 75442 75450 75458 75465 | 75473 75481 (J5488 754‘;6 752%
45| 75511 75510 75526 75534 75542 | 75549 mgggg@ibg% IS_yzm?g_m
370| 45587 75595 75603 75610 75618 | U5 62615635 75641 75648 75 656
S71| 75 ése 75671 75679 75686 Y3604 | 75 708 G5 709 75717 75724 75732
2| 73740 73747 73755 75762 75770 | 757718775 785 75793 75800 75808
573| 75815 73823 75831 75838 75 846 | 75833 7586l 75868 75876 75884
s74l 73901 73890 75906 75914 75921 (\75929 75937 75944 75952 75959
575 | 73067 75974 75982 73989 75.doh | 76005 76012 76020 w6 027 76038
5761 76012 76050 76057 76063 A6072 | 76080 16087 76095 76103 76110
57| 76118 76125 76133 7614({76148 76155 76163 76170 76178 76185
578| 76193 76200 76208 762I§%76223 76230 76238 76245 76233 76260
$19| 76263 76275 76283 ié\zgo 76298 | 76305 76313 76320 76328 76335
B8O | 76343 76350 76388)76365 76373 | 76380 76388 76395 76403 76410
SSU| 76418 76425 GE43T 76440 76443 | T645§ 76402 76470 76477 76485
582 | 76492 76500 (Ta507 76515 76522 | 76330 76537 76545 76552 716359
3831 e 26y 0 3TOWE 382 76580 76597 | 76604 76012 76619 76626 76634
584 | 6641 766497 76656 76651 T66T1 | 76678 76686 16693 76701 76708
585 | 76 16576 *.;9.3 76730 76738 76745 | 76733 16760 76'768 76775 76782
586 | 767908 76797 76805 76812 76812 76827 76834 76842 16849 :6828
587 | 76864 76871 76579 76886 76893 76901 76908 76916 76923 76904
SBY[MIB93S 76945 76953 76960 76967 76075 76982 76982 76997 778,8
SN 77012 77010 77026 77034 77041 N7 048 77056 77063 77070 707
BYO | 77085 77093 77100 77107 77118 | 77122 ‘prize 77137 77144 77151
911 77150 77166 71173 77181 77188 | 77193 77203 77210 77217 3;33%
502 | 97032 77240 77247 770254 77262 | 17269 77276 77283 77221 7; 208
5931 ¥7305 77313 77320 V7327 77335 | 77342 w7349 77357 771 S
39| 77379 77386 77393 77401 77408 77415 77422 77430 77 3
595 | 77452 77439 77466 77474 77481 77488 TI495 77503 27510 77517
W06 | 77435 77532 77539 77546 77554 | 77561 7756 71576 77583 77390
5071 77397 77605 77612 77619 77627 | 71634 77641 77.648 77 56 71663
508 | 77670 77677 77685 77692 77699 | 77706 7774 77721 ;7;0 8 s
590 | 77743 7750 vFTs7 7776+ 77072 | T 779 77786 11793 11
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600 77815 77822 77830 77837 77844 | 77851 77850 77866 77873 vy 8w

COL| 77887 77895 77902 77909 77916 | 77924 77031 77938 77945 7oy
021 77960 77967 7797¢ 77981 77988 | 77996 78003 1m0l 78017 78025
6031 78032 78039 78046 78053 78061 | 78068 78075 78082 78089 780y
60+ 7810+ 78111 78118 78125 7813z | 78140 78147 79 154 78161 7516
6051 78176 78183 78190 78197 78204 | 78211 78210 78226 78233 78340
06| 78247 78254 78262 78269 73276 | 78283 73290 297 78305 18313
607 | 78319 78326 78333 78340 73347 | 78355 78 362 78369 78376 783
G081 78390 78398 78405 78412 78410 | 78428 78433 78440 78447 78453
09| 78462 18469 78476 78483 73490 | 78497 73 sot 78512 785198 526
6101 78533 78540 78547 73554 783561 | 73 560 78576 78583, 42§90 78597
Ol1| 7860+ 78611 78618 78625 78633 | 78040 78647 7865478661 78668
OlZ| 7865 78682 78689 78696 78704 | 78711 78 14 78 723) 78732 78739
G131 78746 78753 73760 78767 18774 | 78981 49 159 78796 78503 78810
6Lt 78817 7882+ 73831 78838 78845 | 78852 4% 859 &B866 78873 78590
O3] 78883 78895 78902 78900 78916 | 78923 789807 18937 78944 78981
0161 78958 78965 73972 78979 78986 | 78 oo3 J9000 79007 79014 7902
OI7 | 79029 79036 79043 79050 79057 | 46060 29071 79078 79085 79092
6181 79099 79106 79113 79120 79 137 79134 H79141 70148 79155 79%
619 79169 7 BESu iR 53y 1-100n 79 197 ;9<zg)+ 79211 79218 79225 79
620 79239 19246 79253 7920 75967 WF2274 79281 79288 79295 79302
6211 79309 79316 79323 70330 79 337C 155 340 79351 79358 79365 7931
6221 79379 19386 79393 79400 79407.1 79414 79421 75428 79435 792
623 | 79449 79456 79163 79470 TOIT | 79484 79491 79498 79505 79511
624 79518 79525 79532 79539 U946 | 79553 79560 79567 79574 19581
625 | T9588 79595 719602 19608 19616 | 7o 623 79630 79637 79644 TOEN
626 19657 719664 79671 79678 79t 79692 79699 79706 79713 79720
271 19727 79734 19741 {48 79 754 79761 79768 79775 79782 79789
6281 7979 79803 79810N9817 76834 79831 79837 79844 79851 79858
62| 79865 79872 19879779836 19 593 79900 79906 79913 79920 79927
6301 71993t 199419945 19955 906 79060 79975 79982 ¥9989 799%
831 | 80003 8001080017 80024 8003 80037 80044 80051 50058 80063
632| 80072 8079’ 80085 50092 80009 80106 80113 80120 80127 80134
833 | 80140 8DJA7 3015+ 80161 80169 80175 80182 80138 80195 90202
6341 8020980216 80223 80225 gy 3236 80243 80250 80257 80264 80271
635 | 80277 80284 80291 gpoog 80305 | 80312 80318 80325 0332 80339
636 &346 80353 80359 80366 20373 | 80380 80387 §0393 50400 80407
SOTINED41Y 80421 80423 80234 8044 80448 804535 80462 80468 8047%
~BE5) 80482 80489 S 406 80502 803509 | 80516 80523 80530 80536 805“l

[\ 899) 80550 80557 803564 8037 80577 | 8058¢ 80591 80598 8060+ 806l

640 80618 80625 30632 gogag 80645 | 80652 80659 80665 80672 8061
6411 80686 80693 80699 8)70e 80713 | 80720 80726 80733 S0 740 80743
G | BoLst S0760 80767 80774 mo7sy | 80 uey ogiae 20733 80740 80814
6431 80821 80828 80835 50841 90 848 | 80835 80862 80868 80875 8088
644 | 80889 80895 50902 80909 80916 | 80922 80920 50936 SOM3 80949
6451 80936 80963 $0950 gporg 80983 | 80950 8 81003 81010 81017
646181023 81030 1037 8] (43 5 050 | 81057 8%5’?2 81070 81077 slﬂﬁ;r
G471 81090 81097 81104 8 11 81117 | 81124 8113t 81137 81144 81158
&8 81153 81164 81171 81378 of 18+ | 81191 81198 81204 81211 8121
©49| 81224 81231 81233 813245 g) poy 81258 81265 81271 81278 81285 |
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650 | 81201 51208 81305 81311 81318 | 81325 81331 81338 81343 81351
1| 81358 81365 81371 81378 81385 | 81391 81398 81405 81411 81418
¢ip| 81425 81431 81438 81445 81451 | 81458 S1465 S147L 81478 81485
¢53| 51491 81498 81505 81511 81518 | 81525 81531 81538 81544 81551
¢s1| 81558 81564 81571 81578 81384 | 81591 81598 81604 8l6lL 81617
s | 81624 81631 S1637 Blo#4 81651 | 81657 81664 81671 81677 8168+
(61 81690 81697 5170¢ 81710 S1717 | 81723 81730 81737 81743 81730
7] 81757 81763 81770 81776 81783 | 81790 8179 81803 81809 81816
o8| 81823 S1829 S1836 81842 81849 | 81856 81862 81869 81875 BLE82
e30| 8188) §1505 81902 81908 81915 | 81921 8L928 81935 81941 81948
680 | 81934 81961 §1968 81974 81981 | 81987 81994 82000 82007 82014}
tol | 82020 82027 2033 82040 S2046 | 82053 82060 82066 82073 8207
662 | 82084 82092 §2099 82 105 82112 | 82119 82125 82132 8213882 M
6631 82151 82158 82164 82171 82178 | 52184 82191 82197 82204 82210
x| 82217 82223 S2230 S2236 82243 | 82249 82256 82263 82269822716
65| 82282 82250 S2295 82302 82308 | 82315 82321 82328 ‘82334 82341
666 | 82347 82354 82360 ©2367 82373 | 52380 82387 8 293 )82 400 82406
6671 82413 82419 82426 82432 52439 | 82445 82432 53 82465 82471
663 82478 82481 §2401 82497 8250+ | 82510 82517 64 523 82530 82536
669 | 82543 82549 82556 82562 82569 | 82575 @w%ﬁdﬁﬁa‘iﬁﬁb&%ﬁ%ﬁ%@%
670 | 82607 S2614 52620 32627 82633 | 82440, 2646 82653 82639 82666
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4].59307 62926 37074 96381 | 36 461045 64991 35006 96030/ 5
51.59336 62961 37039 96376 | 55 5161073 65028 31972 96045 g5
61.59366 62996 37004 96370 | 54| 6161101 65062 34938 9603| wil] .
715939 .63031 36960 96365 | 53 7101129 65096 34004 6034 | 33
81.59425 63066 36934 96360 | 52 §1.61158 65130 34870 960:8| 5
2159455 63101 36899 96354 | 51 761186 65164 34536 96022 | 51

101.59484 63135 36565 96349 | 5O 10161214 65197 34803 96017 |50
11.59514 63170 36830 196343 | 45 111.61242 65231 34769 950111 49
1259543 63205 36795 96338 | 43 12161270 65265 34735 06008 48
131.59573 63240 36760 96333 | 47 131.61298 65299 34701 96000 | 47
14159602 63275 36725 06327 | 46 14| .61326 65333 34667 (9594 | 46
151.59632 .62310 36690 96322 | 45 15[ 61354 65366 34034 ‘950881 45
161.59661 63345 36655 06316 | 44 161613582 65400 34600 05982 | 44
171.59690 £3379 36621 96311 | 43 17| 61411 65433 34 506 95977 ] 43
181.59720 63414 36386 06305 | 45 18161438 65467 34533 0597) | 42
19].59749 63449 36551 96300 | 41 19161466 .65 5034499 95965 | 41
20159778 63484 36516 96294 | 4.0 20.61494 65535 34465 95960 (40
211.59808 63519 36481 96255 | 35 211,61 522 65568 34432 95054 ] 39
221 .59837 63553 36447 0623+ 38l 22 | .61 S50NKS 602 34398 05048 | 38
23| 59866 63588 36412 26258y SpTpullbraTY 6T B0 s 030 31300 Gxodn | 39
241.59895 63623 36377 96273 36| 24| 61606 65669 34331 95937 36
25159924 63657 36343 96267 | 35 25461634 .65 503 34297 95931 35
26).59954 63692 36308 9626 | 34 Z6N6L 662 65 736 3426+ 95925 | 34
27| 59983 63726 36274 96256 33 AL 61689 65770 31230 05920 33
281.60012 63761 36239 962511 35 328 61717 655803 34197 65914 32
29| 60041 63796 36204 96245 SUL W 29[ 61743 65837 34163 93908 | 31
B01.60070 63830 36170 9g 249 S0 180 61773 65870 32130 0500 ‘30
311.6009 63865 35133 96234 20, 31| .61800 65904 31096 95897 23
321.60128 53807 36101 96229 | D8 32.61828 65937 .34063 95 8591 | 28
33| .60157 63934 36066 96223 N\ 27 33| 61856 65971 34020 95885 27
34160136 63968 36032 96218 26‘ 34| 61883 66004 33006 958791 %
35160215 64003 35997, 9holz 25 351 61911 66038 33962 958731 25
36160244 64037 35 963%06 207 24 36| 61939 66071 33920 93865 | 24
37160273 64072 35998 .G 201 23 371.61966 66104 .3359 05862 23
3860302 64106 35,809 06 19¢ 22 38].61994 66138 .33862 95856 | 22
39160331 .64 1035860 .96 190 21 39| .62021 66171 .33829 95850 21
40160359 64175 35 305 96185 [ 20p] 40/].62049 66204 33796 05844 |20
41 60388 .64-203\.35 791 96175 1o 41| 62076 .66238 33762 05830 19
12160417 SE43” 35757 9g10a 18! 42162104 66271 33729 95933 | 18
43| 0608278 35722 O Jon 17| 43| 62131 16630+ 33696 95827 | 1Y
H .60;%3. 312 35688 96162 15| 462159 66337 33663 05821 1?
35160803 64346 35654 96157 15 451 62186 £6371 33629 95815 1
10180552 64381 35610 9615 | 1 46| 62219 L6108 33 eos visio| 1t
47200561 64415 35535 961461 13 47 62241 66437 33563 05804 | 13
II00589 64449 35551 06140 | 1 481 62268 66470 33530 .05 798 | 12
49 (60618 64483 35517 ‘o0 138 11‘ 49| 62296 663503 33497 95792 15
BO| 60646 64517 35483 0120 10 62323 66537 33463 95786 |1
51| 60675 .64.§52 35448 961231 9 55? 62350 66570 33430 95780 9
521.6070¢ 64386 35414 D61181 g 5262377 66603 23397 95775 B8
33 1.60732 64620 13538) 96112 7 53162405 66636 33364 95769 7
541 80761 64654 35346 o6 107 6 54| 62432 66669 33331 .05 763 ?
351.60789 64688 35312 961011 s §|.62459 66702 33298 95757
56 | 60818 64722 35278 96095 | 4 g() 62486 66735 33265 95 7s1| 4
o] 5036 £4756 35244 D600 3 57| 62513 66763 33232 95745 | 3
38 60875 64 790 35210 96084 | % 58(.62541 66801 33199 95739 2
591.60903 64824 35176 96079 | ] 59| 62568 66834 33166 95733 1
6O | 60931 64858 .35 142 960731 o 60 | 62595 66867 33133 95728 | O
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59188 62785
59218 62820
39247 62855
59277 62890
59307 62926

59336 62961
S9366 62996
59396 .63 031
9425 63066
59455 63101

59484 63135
59514 63170
59543 63208
59573 63240
59602 63275

59632 63310
59661 .63 345
S9690 63379
59720 63414
ST 63449

S9TT8 63484
59808 63519
S9837 63553 .
59865
S9E95

S9924 63657
S3954 63692
59983 63726
B0612 .63 761
60041 63796

60070 53830
H0099 63565
60128 .63 8590
60157 63934
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H0215 64003
60244 64037
H0273 64072
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60359 64175
L0388 64200
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37213
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371458
37110
37074
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36969
36934
36892

36865
36830
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36760
36725

36690
36655
36621
36586
36551

36516
.36481

6403
96397
96392
96387
96381

96376
96370
96365
96360
96334
96349
96343
96338
96333
96327

G6322
96316
Sa3ll
96 305
96300
26294
96289
96 284
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36343
36308
36274
36239
36204
36170
-36135
36101

96 267
96262
56236
96251
96245

96246
96234
B6229
36066 96223
36032 96 18

ga 97 {992 212
55 207
'45 QGKQG N

96 196
35 860 96190
35823

96183
35791 96179
35757 96174
35722 96168
35688 .96 162
35654

S6157
35619

96131
35585 965146
35351

95140
35517 96135
35483 96129
35448 96123
35414 96118
35380
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35244 96090
35210 56084
35176 96079
35142
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H0931 64858
60960 645802
HO98E 64926
01016 64960

33142
35108
B5074
33040

96073
56057
96062

61045
61073
61101
61129
.61 158
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61 214
61242
61270
61298
.61 326

61354
61332
61411
£1438
61466

61 494
61 5228
61 550
61878
6

61634
161662
61689
Ol 71T
61743
61573
61 800
61 828
61856
61 883

61911
61939
61 966
H1 954
£2021

62049
62076
62104
62131
62159

62136
62214
62 241
H2 268
B2 296

62323
623350
B2 377
62 403
62432

H2459
62 486
62513
62541
62 568

62 595
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65028
65062
65006
£H3 130
65 164
65197
.65 231
65 263
65 299
65 333

65 366
05400
63434
A5 46{
63 50

05,535
55 565
O3 602,34 308
L5636 31364
B5669 34331

.65 703 .34 297
L5736 34264
63 770 34230
L5803 34197
65837 134163

65870 34130
B5904 34 0u6
65937 34063
B5971 34029
66004 33996
66038 33962
L6071 33929
60104 .33 896
£6138 33862
L6171 33829

06204 33 796
66238 33762
66271 33729
6635304 33696
66337 33663

66371 33629
6404 33 396
66437 33 563
66470 33530
H6503 33497

66537 33463
66570 33430
GOE03 33397

66636 .33 364

06669 33331

35006

34972
G493
34904
34870
34536
34503
34769
34733
L]
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3% 4490
34465
S4432
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G6735 33265
06768 33232

66801 33199

G6834 33166

66867 33133
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56036
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D6045
96039
96034
56028
96022

S6017
S6011
95
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34 667495594
34 68405 953

95032
95977
835971
95965
53060
95954
05948
B5M2
05937
55931
5623
45920
55914
O5908

95902
.95 897
05891
5885
D5 879
95 873
.95 868
95 862
05856
95850

55 844

95839

83833
95827
95821
95815
95810
95 804
95708
.85 792
95 786
45 780
9577
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05763
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oLsin OLtan 10Lcot BLcos

62 595

‘62622

b2 649
62676
62703

L2730
62757
62 784
L2811
£2 838

H2865
62 892
62918
L2945
H2972

L2999
H3026
63032
L3079
63106

63133
L3159
63186
63213
63239

63 266
63292
63319
53 345
63372

63 398
63425
63451
63478
63504

£3531
£3557
63383
03610
£H3636
63662
63632
63715
£H3741
b3 767

63 794

60 867
.66 500
66933
.66 966
.66 999

67032
670635
67093
67131
.67 163

67156
67229
67 262
O7 295
67 327
&7 360
67393
67426
67458
67491

67524
H7 556
67589
67 622
67654

HT 687
L7719
L7752
L7783
L7817
67830
67882
L7915
O7947
H7 350
£3012
63044
063077
63109

63142

68174
.68 206
08239
08

63303
3336

63520Y.68 368

63 046
£3872
03898

63924
63930
£3976
£1002
54028

B4 054
£H1030
£4106
64132
61158

£4134

68400

68432

68465

68497
L8529
L3561
68593
65626

63658
68 690
68722
68754
63786

68818

33133
33100
33067
33034
233001

32968
32935
32902
32869
J2 837

32804
32771
32738
32703
32673

32640
32607
.32 574
32542
32509

32476
32444
32411
32378
32346

32313
32281
32248
32215
32183

32150
52118
32085
32033
32020
31988

31891
-31858
31828
231754+

“B1761
“31729

31697

31664
31632
31600
31568
313535

31503
31471
31439
31407
31371

31342
31310
31278
31246
31214

31182

95728
95722
95716
95710
95 704

95693
25692
D5 680
.95 680
D5674

95 668
95663
95657
95651
85645

55639
85633
D50627
95621
5615

55 609
55603
95 597
95 591
95 583

95579
95573
95567
95 561
95 353
95549
95 543
95537
95531
95328

95519
319536 .95
31623 85
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L5300

795494

05488
95482
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85409
95403

95397
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95384
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9Lsin
64184
61210
64236
64262
64285

64313
64339
64363
64391
64417
64442
64468
Hd 4494
64519
64543
64571
61596
64622
64647
64673

61698
6t 724

S g 2

64800
6482
A5
487
84802

61927
1.64953

64978
65003
65029
L5054

65 079
65 104
.65 130
65155
65150

65 205
65 230
65 255
65 2581
.65 306

65331
65 356
65381
63 406
053431
65456
65481
65 506
W65 531
b5 556
.65 580
63 605
65630
W65 655
65 680
65 705
OLoos

9Ltan

HE 818
63850
L8 882
634914
08 546

L5978
69010
69042
H9074
69 106

69138
62170
L9202
69234
69 206

H3 298
£9329
59361
65393
L9425

£9457
HI4E8

69,551
{vels
60647
69679
69710
B0 T4R
69775
69805
69837
69863
69900

L3932
63963
H3993
0026
J0058

J0089
70121
70152
F0184
0215
70247
F0278
J0309
.70 341
L0372

70404
70435
0466
70498
50529

.0 560
70592
70623
70654
70683

J0717

10Leot DLeos

31182
31150
31118
31086
31054
31022
30990
S0958
30926
S089%%

30862
30830
30793
30766
30734
30702
30671
30639

306074
30375

30543
30%12

L0416

30385
S0353
40321
30290
30258
J0226
S0 198
30163
S0132
30100
20068
30037
30005
29974
23042
29911
29379
29818
29816
22783
297753
29923
29691
29 G59
29628

29596
29 565
29534
22502
29471

29440
29408
29377
.29 346
29313

29283

9L cot 10 Ltan

95366
55360
B3354
H5 248
05341

05335
65329
D3323
.93 317
95310
8534
95 208
95292
05 286
85279
83 27

552604

Ryl
5454
W95 248
B3242
85236

05217

95211
95 204
55 158
95192
85185

95179
05173
45167
95160
95 154
95148
95141
95135
95129
95122

95116
05110
43103
95007
95 000

95 04
95 078
H5071
85063
55059
95052
05046
95 039
95033
95027
5020
95014
85 007
95001
34995
94 985
9Lzin
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xXXIV o7 28
| 7 |9Lsin 9Ltan 10 Loot B Leos /] /_|®Lein 9Ltan 10L cot B 1008
01.65705 70717 .29283 94988 (G0 0167161 72567 27433 94503 [@g
1165729 70748 29252 94982 | 59 1167188 72598 27402 94337
2.65754 70779 29221 04975 | &3 21.67208 72628 27372 0438
3185779 70810 29190 94669 | 57 3167232 72659 27341 .94 573
465804 70841 29159 94962 | 5 4).67256 72689 27311 54567
51.65828 J0873 29127 94956 | &5 S5 1.67280 .72720 27980 4540
61.65853 70904 29096 94049 | 3 61.67303 72750 27250 .94 553
71.65878 70933 29065 94943 | 53 7167327 72780 27230 04596
81.65902 70966 29034 94936 | 52 81.67350 72811 27189 94340
9| 65927 ;70997 29003 94930 | 51 9 67374 72841 27159 94533
10/.65952 71028 28972 94923 |50 10/.67398 72872 27178 94526
11165976 71059 28941 94917 | 49 111.67421 72902 27098 .94 519
12].66001 71090 28910 94911 | 48 121 67445 72032 27068 040812
13166025 71121 .28879 04904 | 47 13| .67468 72963 27037 .Ond06
H6050 71153 28847 54898 | 46 14| .67492 72993 2700794 499
13166078 7118¢ 28816 94801 | 45 1567515 73023 26457 04 402
16| 66099 71215 28785 94885 | 44 161 .67539 73054 26946 94485
171.66124 71246 28752 94878 | 43 17/.67562 7308426516 94479
181.66148 71277 28723 04871 | 42 18| .67 586 .73 114 26886 04472
00173 71308 .28692 94865 | 41 191 67609 737044 26856 04465
201.56197 71339 28661 94853 |40 20 67633,0N75 26825 94458
21166221 71370 28630 04852 | 30 21| .67 GB6NFA 205 26795 54451
22166246 11401 28599 94845 | 28 22| 67680173235 26765 51445
| 23 -&ZTOWZ%%ﬁ.hbaﬁéﬁﬂnﬁf 381 g AN 23 .67%}‘03 73265 26735 94438
241.66295 71462 .28538 04832 {36 24 (L6726 73295 20705 94431
$6319 .71493 98507 0482 | 35 25‘}57750 73326 26674 94424
G633 11524 28476 04819 | 3¢ (26167773 73356 26644 94417
66368 71555 28445 D4813 | 33 27167796 73336 26614 94410
66392 71586 28414 04805 | 32 L1 "28| 67820 .73416 26584 94404
66416 71617 23383 94790 | 31Jf> 29| 67843 .73446 .2655¢ 54397
66441 71648 28352 .04 503 80 30| .67866 73476 26524 94350 |30
B6465 71679 28321 94 7%¢ 29 311.67890 73507 26493 94383 | 29
66489 71709 23201 94750 | 58 32| 67913 73537 26463 94376 | 28
66513 71740 28260 .94%3 27 331.67936 .73567 26433 94369 | 27
66537 71771 98229 94767 | 26 34| .67959 73597 26403 94362 | 26
66562 1802 28 193\\82 7601 25 35|.67982 73627 26373 04355 25
66386 71833 28167\94 753 | 24 36| .68006 .73657 26343 54349 24
60610 71863 28737 094747 | 23 371.68029 73687 26313 94342 23]
66634 71894 98906 94.740 | 22 38.68052 73717 .26283 94333 | 22
66658 7192598075 94734 | 21 39| 68075 73747 26253 4328 | 21
G6682 7195528045 94 727 |20 40| 68098 73777 26223 94321 | 20
66706 73986 28014 .04 729 19 4L1.68121 73807 26193 94314 19
66 T3INI2017 27983 94714 | 13 42[.68144 73837 26163 94307 | 18
B0 755\72048 27952 .94 707 17 43168167 73867 26133 94300 | 17
SOITD 72078 27922 94700 | 16 +41.68190 73897 26103 .94293 lg
(96303 72109 27891 v4604 15 45168213 73927 26073 04286 1
\66827 72140 27860 .04 687 14 46168237 73957 26043 94279 | U
06851 72170 27830 4630 | 13 47168260 73987 26013 94273 | 13
66873 72201 27799 94674 12 181.68283 74017 25983 94266| 12
66899 72231 27769 Sa667( 11 49168305 74047 25953 94259 113
66922 72262 27738 94660 |10 B0 | 68328 74077 25923 94252
6946 72293 27707 94654 § 511 68351 54107 25893 94245 9
06970 72323 27677 o4647| 2 52[.68374 74137 25863 94238 8
G994 72354 27646 4645 | 33| .68397 74166 25834 94231, 7
67018 72384 27616 94634 6 541.68420 74196 25804 94224 g
67042 72415 27585 S46p7| & 55168443 74226 25774 94217
07066 72445 27555 04620 4 56| 68466 74256 95744 94210 4
67090 72476 27524 S4614 | 3 571.68489 74286 25714 94203 | 3
7113 72506 27494 94607| S81.68512 74316 25684 94196 ] 2
67137 72537 27463 Sae00| 1 59| 68534 74345 25655 94189 1
67161 72567 27433 94 503 ] 60| .63557 74375 25625 94182 | O]
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| # |9Lsin 9Ltan 10Lcot @Loos | / ; loLun o1
068557 74375 25625 60 — tan 10 Leo
1} 68580 74405 2308 31%?2 69 0169897 76144 2;85;91.%5 =5
2| 63603 74435 25565 94168 | 58 1] 69919 76173 53857 93130 | 59
3| 68625 74405 25535 94161 | 57 2| 69041 76302 3798 93138 | &9
4| 63648 74494 25506 94154 | 56 3| 9998 76231 23765 93731 | o9
5| 65671 74504 25476 94147 [ 55 9%t 76261 23739 53728 56
6| 63694 74554 25446 94140 | 54 5| .70006 76250 23710 93
7| 68716 74553 25417 94133 | 53 6| 70028 76319 23681 Da0n|
§| 68730 74613 23357 94126 | 52 7| 70050 76348 23632 03708 | o
9| 68762 74643 25357 94] 81.70072 76377 . A
o 25357 94119 | 51 o| 70003 23623 93695 52
68784 4673 25327 94112 ' J6406 23594 93687
11| 68807 74702 23208 9410 50 10|.70115 76435 2356 .
5| 8852 7 vis 25363 2008 | 48 13| Tolis Jetet 5% oaers| 4
: 4762 25238 94000 70159 76493 23507
14168875 74791 25 090 47 131.7 . 7 93665 | 48
sl oo ool sivmo orone| 45 3| Tose Jese Tais Seesa
| oy el N ] & 15| 70224 76580 . pidn: m O
i) ook 74 30 23100 Di062 | 43 15| ot T30 Bier ke
63965 74910 23090 94055 17| 70267 76639 : g
19168937 74939 230 U4055 | 42 18| 7028 . 233614 93628 | 43
. 53060 94018 | 41 70288 760668 .23 332493 621
20169010 . 03 19|.70310 .76 ) pi
i '23832 71383 -Sg 83.% 'gjgﬂr 43(; 20|.70332 ?;6?'3; 2?332 3?232 443
1169032 14995 25002 9403 .
51 6077 73008 21015 oromn| o3 21170338 TaIINEI 16 23300 | %
24| £9100 73087 34013 318?2 31 23| .7039 W@E%*@%“ﬁéﬁk‘ ;
5| 612 75117 24953 94005 g? 21| 7001876841 23159 93577 %
27|60 J5146 2485+ 93998 | 3 25| JO43D 76870 23130 .93 569
g 69167 73176 24824 93991 34 26 | 70361 76899 23101 93 562 3
1869189 73205 24795 93954 3 27| 98482 76928 23072 93554 %
DU 3133 24765 93977 | 31 28} 70504 76957 23043 93547 | 32
0| 9234 152068 24736 93970 |30 Jh29| 70525 76956 23014 93539 3l
2| G 75291 24706 93963 | 29 80 |.70547 77015 22985 93532 30
2| 9219 75323 21617 93955 | 28 31| 70568 77044 22956 935281 29
BIODL 35553 2i6ir 9394810y 32| 70590 77073 22927 93517 28
33| 69345 Z:ﬁi 24618 9393156 B 506 71 Zasm 23300 | 9%
2| . 04550 oM 23 . 77130 22870 9350
* 9368 75441 2355 3?33:? 23 35| 70654 77159 22841 93492 256
5| Goung o0 21530 893920 4 36| 10675 77188 22812 Sa4e7 | 2
29| 69434 73520 .21990 51012 | 22 3§ -ggg‘g 57217 22783 93480 23
40! 69455 75 558 "24M 23903 21 39| 70739 11216 33332 .334-72 o
411 60479 TiogmEAH2 93898 120 PGt 93465 | 21
42| 69501 e /24412 938911 19 40 J0761 77303 22697 93457 | 20
43| 65823, 9% 24383 93 854 1| 70782 57332 22668 93450( 19
G| aBdsetr 24353 93876 i 42| 70803 77361 22639 $3442| 18
o «69'56}’ .73 976~ 24324 93 869 12 43|.70824 77390 22610 93435| 17
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